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Abstract. Let HP be the (2n + 1) -dimensional Heisenberg group, and let if be a 
compact subgroup of U(ri), such that (K, HP) is a Gelfand pair. Also assume that 
the if-action on C™ is polar. We prove a Heckc-Bochner identity associated to the 
Gelfand pair (K, HP). For the special case K — U (n), this was proved by Geller [BJ, 
giving a formula for the Weyl transform of a function / of the type / = Pg, where 
g is a radial function, and P a bigraded solid ?7(n)-harmonic polynomial. Using 
our general Hecke-Bochner identity we also characterize (under some conditions) 
joint cigenfunctions of all differential operators on H" that are invariant under the 
action of K and the left action of HP . 
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1. Introduction 

This paper is concerned with two fundamental problems in Harmonic analysis 
on the Heisenberg group, HP. The first one is the Hecke-Bochner identity and 
the second one is a characterization of joint eigenfunctions for a certain family of 
invariant differential operators on HP. We first briefly recall the known results in 
this direction. 
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2 AMIT SAMANTA 

The Hecke-Bochner identity on M. n states that (see [T3], Theorem-3.10, page-158) 
the Fourier transform of a function / = Pg, where P is a homogeneous solid SO(n)- 
harmonic polynomial (of degree k say) and g is radial, is given by Pg = Ph, where 
h is a radial function given by 



. f°° Jn +k -i(rs) 
H(T) = r L 9(S) (rs)^ S ^ 
where J™ + k-i is the Bessel's function of order | + k — 1. Secondly, any eigenfunc- 
tion if of A, the Laplacian on MP, with eigenvalue —A 2 is given by the integral 
representation 

<p(x) = [ e^dTico), 

where T is a certain analytic functional. See Helgason ([8], Theorem 2.1, page-5) for 
n = 2 and Hashizume et al [7] for general case. Both these results can be interpreted 
in terms of harmonic analysis on the Gelfand pair (lR n x SO(n), SO(n)). Note that a 
solid homogeneous harmonic polynomial of degree k is an element which transforms 
according to a class one representation of SO(n). Next, the Laplacian A is the 
generator of lR n x SO(n) invariant differential operators on W n . This point of views 
have a natural generalization to other homogeneous spaces. 

In the context of Riemannian symmetric spaces X = G/K, Helgason ([11]. Corol- 
lary 7.4) characterized all i^-finite joint eigenfunctions for D(G/K). The charac- 
terization of arbitrary joint eigenfunctions for D(G/K) was done by Helgason ([10J, 
Chapter IV, Corollary 1.6) when rankX = 1 and by Kashiwara et al [12] in the 
general case. A Hecke-Bochner type identity was established, when X is of rank 
one, by Bray [3]. For general case see [9], Chapter-Ill, Corollary 5.5. 

In this paper, we consider these two questions on the Heisenberg group associated 
to the Gelfand pair {K, H n ), where K C U(n) and the inaction on C n is polar. We 



prove a Hecke-Bochner type identity (Theorem 7.4), giving a formulae for the Weyl 
transform of a function which transforms according to a class one representation 
of K. We will see that the formulae involves generalized ii'-spherical functions, as 
in the case of Euclidean spaces and Riemannian symmetric spaces. For the special 
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case K = U(n) this was already proved by Geller ([BJ, Theorem 4.2). Let £#(h n ) 
be the algebra of all differential operators on HP that are invariant under the action 
of K and the left action of HP. Any joint eigenfunction of all D G £x(h n ) has 
to be of the form f(z,t) = e lXt g(z) for some complex number A. Following the 
view point of Thangavelu in [16] , under the assumptions that A is non-zero real and 
e - (l^l~ e )l z l 2 |g(z)| g L p (C n ) for some e > and 1 < p < oo, we characterize all in- 
finite joint eigenfunctions f(z,t) of all D G £^(h n ), in terms of the representations 



of the Heisenberg group (Theorem 8.3). We extend this result for arbitrary (with 
the same growth condition) joint eigenfunctions, when &imV 5 M = 1 for all class 
one representations 5 of K\ here M is the stabilizer of a irregular point, V$ is the 
(finite dimensional) Hilbert space where the representation 5 is realized and V S M is 
the space of M- fixed vectors in Vs. This can be put in a different form, giving an 
integral representation of eigenfunctions, which for K = U(n) is precisely Theorem 
4.1 in [TB]. We also obtain a different integral representation with an explicit kernel. 

The plan of the paper is as follows. In section 2., we recall the definition of 
polar action of K C SO(n) on IP, develop a system of polar coordinates and 
state some results about polar actions. In section 3., we show that the Kostant- 
Rallis Theorem holds for polar actions i.e each i^-harmonic polynomial is determined 
by its values on a regular X-orbit. We also discuss the class one representations 
of K realized on the space of i^-harmonic polynomials and on the space of their 
restriction to a regular .fT-orbit. In section 4., for a class one representation 8 of 
K, we consider 5 type Hom(V5, V^-valued functions G i.e G : IP — >H.om(Vs, Vs) 
such that G(k ■ x) = 5(k)G(x). We show that such a G can be written in a special 
form, which, for the case K = SO(n), is equivalent to considering a function of 
type Pg, where P is a solid homogeneous S'0(n)-harmonic polynomial of certain 
degree and g is radial. In section 5., we mainly recall some basic facts related to 
the Heisenberg group, its representations and Weyl transform. We also state some 
results about Gelfand pairs and bounded K- spherical functions from [2j. Section 6., 
deals with the Weyl transform of i^-invariant functions. In section 7., we prove the 
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main results of this paper. We start with defining generalized K- spherical functions, 
prove a Hecke-Bochner type identity for the Weyl transform. Using this we prove 
the uniqueness (upto a right multiplication by a constant matrix) of generalized 
.ff -spherical functions. We also give a formulae of generalized K- spherical function 
in terms of the representations of Heisenberg group. This formulae together with 
the uniqueness of generalized i^-spherical functions will imply characterizations of 
i^-finite joint eigenf unctions (with the usual growth condition) of all D G £x(h n ), 
which we present in section 8. Section 9. deals with square integrable (modulo the 
center) joint eigenfunctions. In the final section, we discuss the special case when 
dimV s M = 1 for all class one representations 5 of K. 



2. Polar actions and coordinates 

In this section we recall polar actions and develop a system of polar coordinates on 
the spaces upon they act. References for this section are Conlon jl], Dadok [5] and 
Lander [13J. Let K be a compact connected subgroup of SO(n) which acts naturally 
on M n . Let £ be the Lie algebra of K. We denote the inner product on W 1 by (.,.). 
Let N x := {k-x : k G K} be the i^-orbit through x, and K x := {k : k-x = x} be the 
isotropy subgroup of x, hence N x = K/K x . A i^-orbit of maximal dimension is called 
a regular orbit, and any point on a regular orbit is called a regular point. A i^-orbit 
through a point x is called a principal orbit if K x is a subgroup of a conjugate of 
any other isotropy subgroup. Clearly any principal orbit is also a regular orbit. The 
action of K on M. n is called polar action if there is a linear subspace T of IR n which 
meets every i^-orbit and is orthogonal to the i^-orbit at every point i.e (fi • x, T) = 
for all x G T. Such a linear subspace T is called a, K — transversal domain. This is 
precisely the condition (A) in the introduction of [4]. Then dim (T) = dim (R n ) — 
dim. of a regular orbit ([1], Proposition 1.1). Therefore if we take a regular point 
x G T then clearly A x = T where A x = {y G 1R" : (y,t ■ x) = 0}. Consequently 
A x meets all the orbits orthogonally. Hence the above definition of polar action 
is equivalent to that of Dadok [5]. Also, for polar action any orbit of maximal 
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dimension is principal ([3], Proposition 2.2). Therefore, regular orbits and principal 
orbits are equivalent for polar action. 

From now on we always assume that K is a compact connected subgroup of SO(n) 
whose action on IR n is polar. We state some results from Conlon j3] and derive some 
easy consequences. Since regular orbits and principal orbits are same, we only use 
the word "regular orbit" instead of using both. As mentioned above we have, 

Proposition 2.1. (Conlon [3], Proposition 1.1) Let N C M. n be a K-orbit of maximal 
dimension. Then dim(iV) = dim(IR n )— dim(T). 

Theorem 2.2. (Conlon j3], Theorem II) Let T C M. n be a K- transversal domain. 
Then there is a finite collection Pi,P2,--- ,P r of hyperplanes in T, together with 
positive integers m(i), i — 1, 2, • • • , r, such that for each x G T , 

dim(N x ) = dim(M n ) - dim(T) - ^ m(i), 
where I x = {i : x G Pi}. 

Definition 2.3. Each Pj as above is called a singular variety of multiplicity m(i), 
and each connected component of T \ UPj a Weyl domain in T. The Weyl group 
W = W(K, T) is the group of transformations of T consisting of those k G K such 
that k-T = T. 

Theorem 2.4. (Conlon j3], Theorem III) If T is a K-transversal domain, then the 
orthogonal reflection of T in each singular variety Pi exists, W is a finite group 
generated by all such reflections, and W permutes simply transitively the set of Weyl 
domains in T. If x G T lies on no singular variety, then W permutes simply transi- 
tively the set N x R T . 

Fix a Weyl domain T + in T. As an easy consequence of the above three results 
we get the following corollary. 

Corollary 2.5. All the points ofT + are regular, and each regular K — orbit intersects 
T + exactly at one point. 
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Lemma 2.6. If x G T is regular then K x = Kj<, where '■ = {k G K : k ■ q = 

q, Vg G T} is the stabilizer of T. 

Proof. See the proof of Proposition 1.1 in Conlon j3]. □ 

Let M = Kt be as defined in the above lemma. Define the "polar coordinate 
mapping" 

: T + x K/M — ► R n by 0(r, kM) = k ■ r. 



Clearly is well defined and by Corollary 2.5 its image is precisely the set of all 



regular points. If k\-ri = k 2 -r 2 for fci, k 2 G K and r±, r 2 G T + , then K- orbits through 



r\ and r 2 are same. By Corollary 2.5, r x = r 2 = r (say). Consequently fc x 1 k 2 fixes 



r and hence belongs to Kt by Lemma 2.6 Therefore (ri,/ciM) = (r2,k 2 M). So, 



we have proved the following proposition. 

Proposition 2.7. JTie polar coordinate mapping cf), defined above, is a bisection of 
T + x K/M onto the set of regular points in W 1 whose complement has measure zero. 

For a regular point x, if x = 0(r, kM) for r G T + and k E K then we simply write 
x = (r, fcM) and call this the polar coordinates of x. It is clear from the definition 
of 0, that h ■ (r, k 2 M) = (r, hk 2 M), r G T+ and fci, fc 2 e if. 

Remark 2.8. Let K = SO(n). Consider the ii'-regular point e\ = (1, 0, 0, • • • , 0) G 
M. n . A ^-transversal domain T can be chosen to be T = A ei = {(x, 0, 0, • • • ,0) G 
K":i6 R}, and T+ = {(r, 0, 0, • • • , 0) G E n : r > 0}, which can be identified with 
(O.oo). If M is the stabilizer of e±, via the map kM — > k-e%, we have the identification 
K/M = K ■ ei = S*™ -1 . Therefore, by the above proposition, it follows that each 
regular point x G K. n can be written uniquely as x = (r,u) = ru, r > 0,u G S*™ -1 , 
which gives the usual polar coordinate system on M. n . 



We conclude this section by relating polar actions and symmetric space actions, 
due to Dadok |5j. First we define a symmetric space action. 
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Definition 2.9. The action of a connected subgroup G of SO(n) with Lie algebra 
g on IR™ is called a symmetric space action if there is a real semisimple Lie algebra u 
with Cartan decomposition u = fi' + p, a Lie algebra isomorphism A : q — > and 
a real vector space isomorphism L : IR n — > p such that L(X ■ y) = [A(X), L(y)] for 
all X G and y G lR n . Here [., .] denotes the Lie algebra bracket on $j. 

Remark 2.10. Let the action of G be a symmetric space action. If U is a connected 
Lie group with Lie algebra u, and K' is a connected subgroup of U with Lie algebra 
then the action of G on R n is isomorphic to that of Ad(K') on p, i.e if we identify 
R n and p via the map L, then G-orbits and Ad(i^')-orbits coincide. 

The relation between a polar and a symmetric space action is provided by the 
following proposition. 

Proposition 2.11. (Dadok [5], Proposition 6) Let K be a connected, compact sub- 
group of SO(n) whose action on W 1 is polar. Then there exists a connected subgroup 
G of SO(n) whose action on MJ 1 is a symmetric space action and whose orbits co- 
incide with those of K. 

3. if-HARMONIC POLYNOMIALS 

Throughout this section we assume that K is a connected compact subgroup of 
SO(n) whose action on M. n is polar, T a il~-transversal domain, and M = Kt, the 
centralizer of T. Let S denote the space of polynomials on W 1 , I C S the set of K- 
invariants in 5* and 7+ the set of polynomials in / without the constant term. Let 
H C S denote the set of iT-harmonic polynomials, that is, polynomials annihilated 
by the constant coefficient differential operators on IR n defined by elements in I + . 
For more details about K- harmonic polynomials see Helgason [S] , Chapter III. The 
following result is proved there (Theorem 1.1). 

Theorem 3.1. S=IH, that is, each polynomial p on M. n has the form p = ^2 k ikhk 
where ik is K -invariant and hk is K-harmonic. 
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Since the action of K is polar by Proposition 2.11 there is a connected subgroup 



G of SO(n) whose action on M. n is a symmetric space action and whose orbits coincide 



with those of K. Let L, K' and p are as in Definition 2.9 Therefore, by Remark 



2.10, if we identify W 1 and p via the map L, then K and Ad(-?T')orbits coincide. 
Hence / and I + are same for both actions and consequently so is H . So, for polar 
actions we have the following version of Kostant-Rallis Theorem (see Helgason [9] , 
Chapter III, Theorem 2.4). 

Theorem 3.2. Each K-harmonic polynomial is determined by its values on a regular 
K-orbit. 

Now we briefly describe the class one representations of K realized on the space 
H and on the space of their restriction to a regular i^-orbit. This is similar to 
the symmetric space theory (see Helgason [9], page-236,237 and 298,299; [8], page- 
533). For x G T regular, consider the embedding K/M = N x C lR n via the map 
kM — > k ■ x. Then as is well known (Helgason [8], Exercise Al (iv), page- 73) 
each i^-finite function on K/M is the restriction of a polynomial p G S which by 



Theorem 3.1 can be taken to be harmonic. Thus, by Theorem 3.2 we see that 
the restriction mapping h — > h \n x is a bijection of H onto the space of if-finite 
functions in E(K/M) (the space of smooth functions on K/M). Let Km be the set 
of all inequivalent unitary irreducible representation of K having M fixed vector. If 
5 G K M , let H$ (respectively £.$(K/M)) denote the space of K-finite functions in 
H (respectively £(K/M)) of type 5. Then the restriction mapping maps H$ onto 
£$(K/M). Let Vs be the (finite dimensional) Hilbert space on which S is realized and 
let V S M C Vs be the space of M- fixed vectors. Let vi, v 2 , • ■ ■ , Vd(s) be an orthonormal 
basis of Vs such that Vx,v 2 , ■ • ■ , t>/(<s) span V S M . Then the functions 

kM — >■ ( Vj , 5(k)vi) 1 < j < did), \<i< 1(5) 

form a basis of Hs(K/M) (Theorem 3.5, chapter V, Helgason [8]), and 

1(6) 

E s (K/M) = Q)Z s>i (K/M), (3.1) 

i=i 
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where Es t i(K/M) is the space of functions 

F Vii (K/M) = (v,5(k)vi), veV s . 

The map v — > F Vji is an isomorphism of V$ onto Hs t i(K/M) commuting with the 
action of K. Consequently H$ decomposes into 1(5) copies of 5. Thus we write 

1(8) 

H s = @H s<i , (3.2) 
i=i 

where the action of K on each Hgj is equivalent to 5 (by decomposing H$ first 
into homogeneous components we can assume that the H$ i consists of homogeneous 
polynomials of degree say (<!>)), and the vector space F$ = RomxiVs, H$) of linear 
maps rj of V$ into Hg satisfying 

r](5(k)v) = k ■ (rj(v)) k e K, veV 5 (3.3) 

has dimension 1(6). 



Remark 3.3. Let K = SO(n). Let e 1 , T, T+, M be as in the Remark [2T8j Also 
we have the identification K/M = S n ~ l . In this special case, note that, the space 
H consists of all polynomials P such that AP = 0, where A = Y,d 2 /dxj is the 
usual Laplacian on IR n . Let !K m denotes the space of all mth degree homogeneous 
polynomials in H and S m denotes the space of restrictions of elements of 'Km to 
gn-i rp^g elements of CK m are called solid harmonics of degree m, and those of 
S m are called spherical harmonics of degree m. The i^-action on K/M = S^ 1 
defines a unitary representation on L 2 (5 ,2n_1 ). Clearly each S m is a f^-invariant 
subspace. Let 5 m denotes the restriction of 6 to S m . In fact these describe all 
inequivalent, irreducible, unitary representations in Km- Note that according to 
our general notation, Hs m = "K m , Eg m (K/M) = S m , and l(S m ) =dimV^ = 1. Let 
v m be the unique (upto constant multiple) unit M-fixed vector in V$ m . Then the 
one dimensional vector space Fg m =B.om(Vs m ,K m ) is spanned by the linear map 
Vs m '■ Vs m ->■ ^m, where for v G V Sm , rj Sm (v) is the unique element in 9£ m whose 
restriction to S 71 ' 1 is Y v (kM) := (v,5 m (k)v m ) E § m i.e r} Sm {v)(x) = \x\ m Y v (x/\x\). 
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4. K-TYPE FUNCTIONS IN MATRIX FORM 

We assume that K is a connected, compact subgroup of SO(n) whose action on 
W 1 is polar. We use all the notation from the previous two sections. For two finite 
dimensional vector spaces V and W denote the space of all linear maps from V into 
W, by Hom(V, W). For two positive integers p and q denote the space of all p x q 
matrices with complex entries by M pX q- If A is a set and / : A — > M pX q a function, 
then we define : A — > IR n by fij(a) = (i,j)th entry of f(a), for a e A. For 
5 G Km define X 5 (lR n ) to be the set of all functions 

F : W l — ► Hom(V^,Vi) 

satisfying the condition 

F(k ■ x) = 5(k)F(x) Viel", k e K, (4.1) 
and y <5 (IR ri ) to be the set of all functions 

G : R n — > Eom(V 5 , V s ) 

satisfying the conditions 

G(k ■ x) = 6(k)G(x), G(x)5(m) = G(x) Viel", k e K, meM. (4.2) 

Here the multiplications are the compositions of linear maps. Proposition 3.1 below 
says that the sets X s {W 1 ) and V s (R n ) can be identified. Also, define £ 5 (lR n ) to be 
the space of all smooth functions in X 5 (IR n ). Choose an orthonormal ordered basis 
b = {t>i, t> 2 , • ■ ■ , VMS)} f° r Vs, so that b A/ = {v%, v 2, ■ • • , i>z($)} form an ordered basis 
for V S M . Identify 5 with its matrix representation with respect to the basis b. Then 
we can identify X s (R n ) with the space of all functions 



F:R n — > M, 



d(S)xl{8) 



satisfying (4.1 ) (but now, the multiplications are simply matrix multiplications), via 
the matrix representation with respect to bases b for Vs and h M for V S M . Similarly 



identify ^ s (M. n ) and £ 5 (IR n ) with their corresponding matrix representations with 



Y 5 : K/M — ► M a 
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respect to bases b and h M . Through out this paper, we use these identifications 
with respect to the basis b and h M . Define 

by 

Y^kM) = 5 i3 (k) = (8(k)vj,Vi), l<i< d(S), 1 < j < 1(5). 

v 

If 5 denote the contragredient representation, choose Vv = V s * (the dual vector 
space of Vs) with inner product (, ) defined by (v*,w*) = (w,v), v,w e Vs. Take 

the orthonormal ordered basis b* of Vv to be the dual basis {v*, t>2, • • • , 1^(5) }• 

v 

Then b* = {w*,^,--- ,v*^} will be a basis for V^ 1 . Identify 5 with its ma- 

V 



trix representation with respect to the basis b*. Then Sij (k) = Sij(k). Therefore 
{YfJkM) :l<i< d(6), 1 < j < 1(6)} form a basis for 8,v(K/M). For more details 
about contragredient representation see Helgason |8j, page-393,533. Now, take an 
ordered basis e = {771,772, • • • , Vl(S)} f° r — HomxyVv, Hv). Define 

5 S 8 

P 5 : R n — > M d (,5) X i(5) 



by 



PfAx) = 1 < • < d(6), 1 < j < 1(5). 



V V 



Since r]j(S (k)v*) = k ■ (r]j(v*)), using the fact that Sij (k) = Sij(k) and S is unitary, 
one can show that P s (k ■ x) = 5(k)P s (x). Hence P 5 E 8, s (R n ). Define 

T s : R n — > Mi(s)xi(6) 

by 

T s (x) = [P\x)Y[P s (x)]. (4.3) 
Here * denotes the matrix adjoint. Clearly Ts is K-invariant. 

Remark 4.1. Let K = SO(n). We describe Y s , P 5 and Ts in this special case. Let 
ei, T, T + , M be as in the Remark 2.8| and CK m , S m , 8 m , v m , r\s m be as in Remark 3.3 



Choose an ordered orthonormal basis {vi, V2, ■ ■ ■ Vd( m )} for V$ m , such that {vi = v m } 
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r M rp U f xrSr, 



is the orthonormal basis for V s . Then {Y i:L m (kM) = (6 m (k)vi,Vi) : 1 < i < d(m)} 
forms an orthogonal basis for £v (K/M) = S m = S m , and £^|Y^ m (A;M)| 2 = 1. 

8 m 



Take {^v } as a basis for Pv Then, by Remark 3.3, for x = (r, kM) = (r,u), 

5 m &m 



P*?{x) = m (v*)(x) = r m (v*,5 m (k)v$ = r m (5 m (k)v u Vi ) = r m Y*r(kM) = \x\ n Y°r{u>) 

Om 

i.e P iX m is the unique element in CK m whose restriction to S 1 " -1 is Y^ m . 

From the above discussion we can prove the following : Take P l m G < K m , and 
G § m to be their restrictions to S 11 ' 1 so that {Y^ : i — 1, 2, • • • , forms an 

orthonormal basis for S m . Then it is possible to choose orthonormal ordered bases 
b = {t>i, t> 2 , • • • , Vd{m)} for Vs m and b M = {t>i} for V 5 M , so that, with respect to these 
bases, F" 5 " 1 : S"™ -1 ->■ M d ( m ) x i is given by 



Y 5m (uj) 



\S n ~ l \ 



d(m) 



\S n ~ 



,uj e S 



n-l 



We can choose a basis e for F$ m so that, P 5m : M. n — > Md( m ) x i is given by 
P*Wz) = 



(4.4) 



d(m) 



,X G 



In particular, 



Also, we have 



P 6 ™(x) = \x\ m Y 5m (x/\x\). 



(4.5) 



(4.6) 



15 



n-l 



c((m) 



d(m) 



15 



n-l I 



d(m) 



1 2m 



1=1 



d(m) 



y\Y i 



;r 



2m 



i=l 



Proposition 4.2. Pac/i G G 



is determined by its restriction on Vg 



M 



Proof. If G G V 5 (]R n ), then G is identified with its (d{S) x matrix with respect 
to the fixed basis b. Hence it is enough to show that all the entries in last (d(5)—l(5)) 
columns of G are zero. Since G(x)5(m) = G(x) for all m G M, equating the matrix 
entries on both sides we get, for 1 < i,j < d(S), 



d{5) 

G ij( x ) = ^2G ip {x)5 pj {m), Mm G M. 
P =i 



(4.7) 



HECKE-BOCHNER IDENTITY AND EIGENFUNCTIONS 13 

Since Vj G (V^) 1 for j > 1(5), J M 5(m)v j dm = if j > 1(5). So, 

5 pj (m)dm= / (5(m)vj,v p )dm = 0, 1 < p < d(5), j > 1(5). (4.8) 
M Jm 



Therefore for j > 1(5), integrating both side of (4.7) over M we get the desired 



result. □ 

Lemma 4.3. Suppose F is in £ 5 (M n ). Then there is a unique function Gq : T + — > 
Mi(s)xi(6) such that for all regular points x = (r, kM), 

F{x) = Y 5 (kM)G (r). 

Proof. First note that the uniqueness follows from the fact that Y 5 (kM) has a left 
inverse namely [Y s (kM)]* . Since F(a ■ x) = 5(o~)F(x) for all a G K, we can write 
(for x = (r, kM) regular) 

F(x) = [ 5(a)- 1 F(a ■ x)da 

5(a)- 1 F (a ■ (r, kM)) da 

5(a)- 1 F(r,akM)da 

[ 5(ak- 1 y 1 F(r,aM)da 
Jk 

5(k) [ 5(aY 1 F(r,aM)da 
Jk 

5(k) I I 5(am)- 1 F(r,aM)dadm = 5(k)G' (r), 
Jk Jm 



K 



K 



where 



Now, 



G' (r) 



/ / 5(amY l F(r,aM)dadm. 
Jk Jm 



d(S) 

5ij(am) = ^25 ip (a)5 pj (m). 
p=i 



Integrating both sides over M and using (4.8) we get (for each a G K) 



5ij(am)dm = 0, 1 < i < d(5), j > 1(5). 

M 
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Since 5(am)~ 1 = 5(o~m) , all the entries in last (d(5) — 1(6)) rows of the matrix 
f M S(am)~ 1 dm are zero for all a e K, and consequently so is for the d(5) x 1(5) 
matrix 

G' (r) = [ [ 5(am)- 1 F(r,aM)dadm 

( note that F is a (d(5) x Z(<5)) matrix). Therefore, if we define Go : T + — > ^-i(s)xi(S) 
by 

(G ) ij (r) = (G' ) ij (r), 1<«,.7 <*(*), 

then 

5(A;)G" (r) = F 5 (A;M)Go(r), 

since first Z(5) columns in the matrix S(k) are precisely the columns in Y s (kM). 
Hence the proof. □ 

Corollary 4.4. Let F e £ <5 (1R™). T/ien i/ie ji/i column of F is determined by Fij. 
In particular F is determined by its first row. 

Proof. Let F e £ <5 (lR n ) be such that all the entries in first row are identically zero. 

We have to show that F = 0. Let G be as in the previous lemma. We have 

US) 

^2Y^ p (kM)(Go)pj(r) = for all regular points (r, kM). 
p=i 

Since F^s are linearly independent, for each r e T + , (G ) P j(r) =0, p = 1, 2, • • • 
and consequently the jth column of F is zero on the set of regular points. The set 
of regular points being dense in R n , we are done. □ 

Remark 4.5. Using the above arguments, one can show the following : For F e 
£ 5 (]R n ), let Vp denote the finite dimensional vector space spanned by F^s, and Vp 
denote the space spanned by the entries of ith row in F. Let m(5) be the number 
of linearly independent columns in F. Also assume that first m(5) columns are 
linearly independent. Then {F^ : j = 1,2, ••• , m(S)} form a basis for V F ; and 
{F^ : i = 1, 2, • • • d(5);j = 1,2,- •• , m(5)} form a basis for Vp. In particular, 
dimV F = m(5)l(5). 
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Lemma 4.6. There is a unique function Jg : T + — > ^i(5)xi(5) such that for all 



regular point x = (r, kM) in 



p\ x ) = Y s (kM)J s (r). 



(4.9) 



Also for each r G T + , J s (r) is invertible, and consequently for all regular point 
x = (r, kM) 



Y s (kM) = P 5 (x)[J s (r)} 



-i 



(4.10) 



Proof. First part follows from Lemma 4.3, since P G £ (R n ). Now, if possi- 



ble, let for some r in T + , J^(r ) be not invertible i.e det(Js(r )) = (where 
det stands for the determinant). This implies that the columns of Js(ro) namely 
\Jij( r o), ^2j( r o)? " " " ^/(<5)i( r o)]*) 1 < i < 1(8) are linearly dependent as vectors in 
CH 5 ). Equating the entries of first row in (4.9) for x = (r , kM) we get (1 < j < 1(5)), 



P^x) = y*(fcM) J v (r ) + Y* 2 (kM)J 2j (r ) + ■■■ + Y^ s) (kM)J mj (r ). 
Therefore Pf -s are linearly dependent when restricted to the orbit through ro and 



hence by Kostant-Rallis Theorem (Theorem 3.2) Pf-s are linearly dependent which 



is a contradiction. Therefore J (r) is invertible for all r G T + . 



□ 



Remark 4.7. (i) Let x = (r,kM) be a regular point. Since F 5 (/cM) has a left 
inverse, and Jx(r) is invertible P 5 (x) also has a left inverse. 



(ii) The function J$ is related to T$ (see (4.3)) by 

[Js(r)V[Js(r)} =T s (r), V r G T + . 



(4.11) 



(iii) Let = SO(n). Let y 5 ™, P 5m be as in (4.4) and (4.5). Then we have seen 
that 

P s ™(x) = r m Y 5m (uo), x = ru, r > 0,u G S n_1 . 
Therefore J,5 m : T + = (0, oo) — > M ix i is given by Js m (r) = r m . 



The next proposition follows by using (4.10) in Lemma 4.3, and by (i) in the 
previous remark. 
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Proposition 4.8. Suppose F is in £ 5 (IR n ). Then there is a unique (on the set of 

regular points) K -invariant function G : IR n — > Mi(s)xi(5) such that for all regular 
points x (hence for almost every x ), 

F(x) = P s (x)G(x). 

Throughout this paper we use the following convention : when we say that a 
matrix-valued function is a polynomial we mean that each entry of the function is 
a polynomial. 

Corollary 4.9. Let F £ £ 5 (IR n ) be a polynomial. Then there is a unique K- 
invariant polynomial G : W 1 — > ^i(5)xi(5) such that for all x £ M. n , 

F(x) = P 5 (x)G(x). 

Proof. Since the set of regular points is dense in M. n , uniqueness follows from Remark 



4.7 (i). Now let G be as in the previous proposition. It is enough to show that each 
entry of G is equal to a polynomial on the set of regular points. Consider Fn. For 
all regular points x we have 

1(5) 

f u (x) = J2 p U x ) g pi( x )- ( 4 - 12 ) 

P =i 



By Theorem 3.1 we have 



8 6 

V 

where Sv C S denotes the space of all polynomials of type §. Clearly F u £ SV. 

5 S 

Therefore there exists i^-invariant polynomials Iij such that for all x £ M. n 

d{6) 1(5) 

f 11 (x) = J2J2 i ^ p ^- ( 4 - 13 ) 

i=i j=i 



Since P^s are linearly independent, by Kostant-Rallis Theorem (Theorem 3.2) so 



are their restrictions to any regular orbit. Comparing equations (4.12) and (4.13), 
restricted to a orbit passing through a regular point x, we get G p \(x) = I p i(x) for 
all p = 1, 2, • • • 1(5). Similar proof works for other entries of G. □ 
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5. Heisenberg group : representations, Weyl transform, spherical 

functions 

The Heisenberg group HP is the Lie group with underlying manifold Cxi and 
group operation 

(z,t)(z',t f ) = + z',t + t' + lm(z.z')). 
For the following see Geller [6]. For real non-zero A, let 

"K x = {u holomorphic onC : / \u(w)\ 2 dw x = \ \u\\ 2 < oo}, 

where the measure dw x is given by 

dw x = {2\X\/n) n e- miwl2 dwdw. 

The space "K is a Hilbert space and an orthonormal basis is given by {u x : v G Z£}, 
where Z" is the set of non-negative n-tuple, and 

ut(w) = [(2\\\) 1,2 <^Y /2 - 

(Here v\ = ITj =1 Uj\ and w u = ITj =1 w^ J .) Let 0(!K A ) denote the set of all linear 
operators in "K x whose domain of definition contains 7(C n ), the space of holomorphic 
polynomial on C n . For A > 0, define w), W x G 0(IK A ) as follows: if P G T(C n ), 

\ ftp 

W.Piw) = 2\\\wjP(w) and W x P{w) = —(w), 

OWj 

while if A < the situation is reversed (In Geller [5J, the notation W^, Wj\ are used 
for W X , W x respectively). We have the commutation relations 

W], W x ] = -2S Jk XI, [W x , W x ] = 0, [W*, Wl] = 0, (5.1) 

where / denote the identity operator. Let W X = (W 1 , W\, ■ ■ ■ W X ), 

W x = (W x , W x , ■ ■ ■ W x ); and for z G C n , let z ■ W X , z ■ W x denote the operators 

ZiW-l + z 2 W X H z n W n and z x W x + z 2 W$ H z n W x respectively. Then i(-z ■ 

W X + z ■ W x ) being self-adjoint, 

V x = exp(-z ■ W X + z ■ W x ) 
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extends to a unitary operator on CK A which satisfy 

V X V X = exp(2*A lm(z ■ w))V x +w , (5.2) 

and has an explicit formulae given as follows: if u e "K\, 

{V x u){w) = u(w + z)exp[-2A(w • z + \z\ 2 /2)] for A > 
= u(w - z)exp[2X(-w ■ z + \z\ 2 /2)} for A < 0. 



In view of (5.2 ) we have a representation I1 A of HP on 0~C X , given by H x (z, t) = e lXt V x 



Explicitly I1 A is given as follows: if u G 0~C X , 

(U x {z,t)u)(w) = u(w + z)exp[-2A(u; ■ z + \z\ 2 /2)}e iXt for A > 
= u(w - z)exp[2A(-w ■ z + \zfj2)Y xt for A < 0. 

In fact, these are all the unitary irreducible representations of HP which are non- 
trivial on the center. Note that II A (2;,0) = V x . We will write U x (z) instead of 
U x (z,0). Since V x is unitary, we can define a map S A : ^(C n ) — > 0(CK A ) by 

g A /= f f(z)V x dzdz= [ f(z)U x (z)dzdz. 

The operator 9 A / is called the Weyl transform of /. Let S 2 (^ A ) stand for the Hilbert 
space of Hilbert-Schmidt operators on "K x with the inner product (T, S) = tr(TS*). 
Let ||-|| us denote the Hilbert-Schmidt norm. Now we state the Plancherel theorem 
for Weyl transform. 

Theorem 5.1. (Geller 0, Theorem 1.2) If f e y(C n ), then $ x f e S 2 (M A ) and 

\\f\\l = 7r~ n (2\\\T\\S x f\\ 2 m . 

The map 9 A may then be extended as a constant multiple of a unitary map from 
L 2 (C n ) onto § 2 (^K A ). A polarization of the above formula gives 

(f,g)=rr- n (2\X\r(9 x f\S X g), 

where f,g E L 2 (C n ). 
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For /, g G L 2 (C n ), define the twisted convolution 

fx x g(z) = [ f(z-w)g(w)e 2lXlm{z -™ ) dw. 



Then it is well-known that, / x A g G L 2 (C n ) and 

s A (/ x A s) = 9\m\g). 

Next, we extend this definition to a suitable subset of J?"(C n ), the space of tempered 
distributions on C n (see Geller [6], page 624-625). We say that T G y(C n ) is Weyl 
transformable if there exist R G 0(!K A ) such that 

T(f) = 7r-"(2|A|)" £ (i^ A , (S A /) M A ) V / G J^(C«), 

where the series converges absolutely. It is shown in [6] that if such an R exists 
then it is unique. In this case we call R to be the Weyl transform of T and write 



S A (T) = R. It is clear from the polarization of Plancherel Theorem (Theorem 5.1) 
that this definition agrees with the previous definition of Weyl transform if T is 
given by an L 2 -function. In the course of proving the uniqueness of R, Geller proved 
that, if we fix a 7 G Z™ , then for each a, [3 G Z" there exist f a p G ^(C n ) such that 
5 x (f a /3)u x = SaryUp. Taking j3 = a, in particular we have the following: Fix 7 G Z™ . 
Then for each a G Z™ , there exists / Q G ^(C™) such that S a (/q)^ a = S a ^u x . From 
this fact, the next proposition follows easily. 

Proposition 5.2. Let {Tj} be a sequence of tempered distributions which converge 
to a tempered distribution T in the topology of J?"(C n ), i.e Tj(f) — > T(f) for all 
f G S^(C n ). Assume that all Tj's and T are Weyl transformable. Then for any 
u,ve ?(C n ), (5 x (Tj)u,v) -> (5 x (T)u,v). 

Define ¥ : ^(C n ) — ► ^(C n ) by 

(37X0= / exp(-^C + ^-C)/W^- 
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This is a modification of the usual Euclidean Fourier transform £F, the relation being 
that (3 r/ /)(C) — (^f){— 2iC)- So we can extend £F' as a continuous, linear, one-to- 
one mapping of y'{C n ) onto ^'(C n ). Let T G J^'(C n ) be such that I'^T is Weyl 
transformable. Then we define the Weyl correspondence W A of T by 



W A (T) = T{T' l T). 

On HP, the differential operators 

rp _ 9 d . d — 3 d 

df 3 dzj 3 dt 1 3 d Zj 3 dt 

are the left invariant vector fields corresponding to the one parameter family of 

subgroups T = {(0,s) : s G K}, Tj = {se j; : s G E} and F,- = {se.,-,0 : s G R} 

respectively, where {ei,e2, ■ ■ ■ ,e„} be the usual basis for C ra . In [6J, page-651, the 

notation differ slightly. Geller uses Zj for our operator Zj (and Zj for Zj). These 

form a basis for £(f) n ), the set of all left invariant differential operators on HP. Here 

f) n is the Lie algebra of HP. For each D G £(f) n ), let _D A denote the operator on C n 

obtained by replacing each copy of d/dt in D by — iX. Define 

L\C n ) = {D X : De £([)„)}, and ft A (C n ) = {D~ x : D G £(f) n )}. 

Then 

A _ d T x _ d 

<):, ~ 7 '' <h, ' A: ' 

form a basis for £ A (C n ), and 

\ d —x d 

form a basis for 3? A (C n ). In [6], page-619, these are denoted by 3?^, i2° A 

respectively. Note that the action of Zj and Zj on a function of the form e~ tXt f(z) 
are given by 

Zj(e- iXt f) = e~ iXt L x (f), Z {e~ lXt f) = e~ iXt L^f). 
We also have the commutation relations 

L x ] = -26 jk XI, [L x , L x ] = 0, [Z*, ij] = 0. (5.3) 
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[R X R x ] = 2S jk XI, [R x R x ) = 0, [R X R X k ] = 0. (5.4) 



The following proposition tells how the operators L x , _R A , R X behave under S A . 
The proof can be found in [6], page 624-625. 



Proposition 5.3. If T £ J?"(C n ) is Weyl transformable, then so are L X T , L X -T , 



RjT, R]T. Also 

s a (l a t) = -s A (T)iy/, g A (i;T) = s x (tw;. 
s x (r x t) = -iy/g A (T), g A (^ A T) = w]^ x {t). 

Let 5o denote the Dirac delta distribution at origin. Since 9 A (^o) is the identity 
operator, from the above proposition we get the following corollary. We write 5 X (D) 
for 9 X (D5 ), if De L x (C n ) or ft A (C n ). 

Corollary 5.4. LetT be a Weyl transformable tempered distribution. Then S X (DT) = 
S A (T)S A (D) if D £ C x {C n ); and 5 X (DT) = S A (D)S A (T) if D G ft A (C n ). 

Let ^(Cjg) denote the space of all polynomials on the underlying real vector space 
of C n . Clearly Cjjj can be identified with M. 2n . In other words the elements of 
) (Cjg) are polynomials in z and z with complex coefficients. From now on we use 
the following convention : when we write "polynomial", we mean a polynomial in 
z and z, i.e. an element in CP(Cg), and elements of < J'(C n ) are called "holomorphic 
polynomials" i.e. polynomials in z only. For a monomial p(() = £ p £ 7 (p, 7 multi- 
indices), we set 

9 X ( P ) = (R x y(-R x y, e x {p) = (-R x y(Ry 

and 

r x ( P ) = (w x y(w x y, r x {p) = (w x nw x y. 



In the above (R X y = (R X ) 71 • • • {R^) ln (order does not matter because of commu- 



tation relations (5.4)), where 7 = (71, • • • , 7 n ). The other expressions are similarly 
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defined. Define 

0\P) = + e^p)\ r\p) = l -(r x (p) + r x (p)). 



We extend them to all polynomials by linearity. Note that by Proposition 5.3 , 

S A (#(p)) = tf(p), 9 A (^ 2 A (p)) = r 2 A (p), 9 A (0 A (p)) = r\p), (5.5) 
for any polynomial p. 

Proposition 5.5. (Geller [6], Proposition 2.1 (a), 2.7) 

(a) If p is a polynomial, then J'~ x p is Weyl transformable and hence W x (p) is 
well defined. 

(b) If p is a U (n) -harmonic polynomial, then W x (p) = r x (p) = T^ijp) = T X (p). 

Remark 5.6. In fact one can prove that for any polynomial p, W x (p) = r x (p). 
Since we will be dealing with only harmonic polynomials we don't need this general 
result. 

We conclude this section with a short discussion about Gelfand pairs and K- 
spherical functions on HP. For details see Benson et al. [2J. Let K be a compact 
Lie subgroup of Aut(HP), the group automorphisms of HP. Each k e U(n), the 
group of n x n unitary matrices on CP, gives rise to an automorphism of HP, via 
k ■ (z, t) = {k- z, t). So we can consider U (n) as a subgroup of Aut(HP). In fact U(n) 
is a maximal connected, compact subgroup of Aut(HI n ), and thus any connected, 
compact subgroup of Aut(HP) is the conjugate of a subgroup K of U(n). The 
pair (K, H") is called a Gelfand pair if L^(HP), the convolution subalgebra of K- 
invariant L 1 functions on HP, is commutative. Since conjugates of K form Gelfand 
pairs with HI™ if and only if K does, and produce the same joint eigenf unctions for 
all D G £j^(f) n ) (the set of all differential operators on HI™ that are invariant under 
the action of K and the left action of HP), which is our main interest in this paper, 
we will always assume that we are dealing with a connected, compact subgroup K 
of U(n). The .fT-action on CP gives rise to a natural action on a function / on CP 
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given by k ■ f(z) = f{k~ l ■ z). Under this action we have the decomposition of y(C n ) 
into X-irreducible subspaces as 

?(C n ) = 014 (algebraic direct sum). 

agA 

Here A denotes a countably infinite index set. Since CP m (C n ), the space of homo- 
geneous holomorphic polynomials of degree m, is invariant under the inaction (as 
K C U(n)), we can take each V a to be contained in some T m (C n ). Define the 
unitary representation U x of K on the Hilbert space Ji x as follows: if u e < K X , 

{k ■ u if A > 
k ■ u if A < . 

Since (K, HP) is a Gelfand pair, U x is multiplicity free (see Benson et al. [2], 
Theorem 1.7). CP(C ?l ) being dense in "K x , we get the same decomposition of Dt" A 
into [7 A -irreducible subspaces : 
j_ 

"K x = V a (orthogonal Hilbert space decomposition) . 

aSA 

Choose a basis {e x u : v = 1, 2, • • • d(a)} for each V a so that {e x u : a G A, v = 
1, 2, • • • d(a)} is an orthonormal basis for "K x . We will use this basis in the later 
sections. The behaviour of .fT-action on a function under Weyl transform is given 
by the following proposition. 

Proposition 5.7. (Geller [B], Proposition 1.3) 

(a) U x (k-z) = (U x (k)y 1 U x (z)(U x (k)). 

(b) ///6I 2 (C"), 5\k-f) = {U x (k)) 5 x f{U x (k)y\ 

(c) For any polynomial p, W x (k ■ p) = (U x (k)) W x (p) (U x (k)) 1 . 

In fact, (c) is not proved in [6j. But using the definition of Weyl transform of 
a tempered distribution, one can show that (b) is true for any Weyl transformable 
tempered distribution. Since Euclidean Fourier transform commutes with the action 
of K, (c) follows. 
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A smooth .fT-invariant function : HP — > C is called K — spherical if 0(0, 0) = 1 
and is a joint eigenfunction for all D G £if(f) n )- m 0, the authors describe all 
bounded i^-spherical functions, their forms, and the corresponding eigenvalues. We 
summarise these in the following theorem. Assume that dk is the normalized Haar 
measure on K. 

Theorem 5.8. There are two distinct classes of bounded K- spherical functions. 

(a) The first type is parametrized by (A, a) G R* x A (R* denotes the set of all 
non-zero real numbers), and given by 

&{z,t) = [ (U x (k-(z,t))v,v)dk, 

J K 

for any unit vector v G V a . Each <p x has the form 

( j> x (z 1 t)=e tXt q x (z)e^\ 

where q^{z) is a polynomial. The corresponding eigenvalue Jl x s are distinct, and can 
be obtained from the equation (for any non-zero v G V a ), 

U x (D)v = Ji x (D)v \/D G JC K (f) n ). (5.6) 

(b) The second type is parametrized by C n /K, the space of K- orbits in C™. For 
u) G C n we write r]^ for the associated K -spherical function. One has rj^ = r] u r, if 
K ■ u = K ■ u' . r] w (z,t) is independent of t, and is given by 

r) u (z,t) = [ e iRe{uJ ' k - z) dk. 
Let £ x K {C n ) = {D x :De Clearly L x K {C n ) C £ A (C n ). Define 

^) = \ I (ll x (k-z))v,v)dk, 
K a Jk 

where v is any unit vector in V a , and k x is the square of L? norm of J K (U x (k- z))v,v)dk. 
The functions ip x are real valued and ipa = V£ A ( see H> Remark, page-428). There- 
fore we can write 4>~ x (z,t) = K X e~ lXt ipa- Then with the property HV^Il! = ~x, 
ipa( z ) i s ^e unique (upto constant multiple) bounded joint eigenfunction for all 
D x G L K (C n ) with the eigenvalue fi x , where (i x {D x ) = p^P) for all D G L K (\) n ). 
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Remark 5.9. Equation (5.6) can be restated in terms of Weyl transform as (for 
any non-zero v G V a ) 

3\D)v = n x a {D)v Vi)e4(C"). 
Remark 5.10. Let K = U(n). L^(C n ) is generated by the special Hermite operator 

The decomposition of T(C n ) into il~-irreducible subspaces is given by CP(C n ) = 
ffifcez+yfc(C n ). Recall that CPfc(C n ) is the space of all homogeneous holomorphic poly- 
nomial on C n of degree k. The bounded i^-spherical functions are parametrized by 
Z + , the set of non negative integers. The corresponding i/j^s are given by 



^(z) = 7r-"(2|A|rLr 1 (2|A||^| 2 )e- 



|A|M 



where L\ 1 is the Laguerre polynomial of type n — 1, and the corresponding eigen- 
values are given by /x A (£ A ) = —2\X\(2k + n). It is easy to see that (or by Corollary 
2.3 in 0), ^ = £^c W Vi 

6. Weyl transform of ^-invariant functions 

Through out this section we assume that (K, HP) is a Gelfand pair. Let A G M.* 
be fixed. 

Proposition 6.1. Let T G J^'(C n ) be K -invariant and Weyl transformable. Then 
S A T is a constant multiple of the identity operator on each V a . 

Proof. For simplicity of notation we suppress the superscript A from the notation 
introduced in the previous section. Since T is i^-invariant, there exists a sequence 
{fj} of smooth, compactly supported, K- invariant functions on CP such that fj con- 



verge to T in the topology of J?"(C n ). By Proposition 5.7 (b), each 9/j commutes 
with all U(k). Since the representation U of K on the various V a 's are irreducible 
and inequivalent, 9/j preserves each V a . Thus, by Schur's Lemma, 9/j is constant 



on each V a . Hence by Proposition 5.2 we are done. □ 
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Since the Euclidean Fourier transform commutes with the action of K, an easy 
consequence of the above proposition and Proposition 4.5 (a) is the following corol- 
lary. 

Corollary 6.2. Weyl correspondence of a K -invariant polynomial is constant on 
each V a . 

Proposition 6.3. S A ("0a) = ? 'a, where CP a denotes the projection operator onto V a . 

Proof. As usual we suppress the superscript A. By the previous proposition, 9(ip a ) 
is constant on each Vp, say cpl. Let v € Vp be non-zero. Then 

9(lp a )v = CpV. 



Let D e £jf (C n ). By Corollary 5.4 we have 



Again, by Remark 5.9 



${i> a )S(D)v = fip(D)9(tfj a )v = Cpfip(D)v. 

Therefore we have 

cpfi a (D)v = cpfip(D)v. 

This is true for all D e £^(C n ). Since \ip ^ fj, a for (3 ^ a, we get cp = 0. Therefore 
900a) is zero on Vp, if /3 7^ a. Now take a unit vector u from V a . Then 

Ca = (d{lpa)U,u) 

if) a (z){H(z)u, u)dz 

ip a (z) (II (fc ■ z)u, u)dzdk. 



K 



Since II is unitary, |(IT(/c ■ z)u,u)\ < 1. Therefore we can use Fubini's theorem to 
interchange the integrals and the fact that ip a are real valued to get 



c a = K a ip a (z)ip a (z)dz = K a \\ip a \\ 2 = 1. 
Hence the proof. □ 
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Proposition 6.4. Let f G L 2 (C n ). Then f = Sq^a/ x a ip* 7 where the series 
converges in L 2 (C n ). 

Proof. Since the index set A is countable, we can identify A with the set of natural 
numbers N. For j G N, 

S(/)|v, = S(m = S(/)S(ifc) = S(/ x 

Therefore, 

/ N v d(j) 

||s(/)-s £/x^ IIhs = ££iis(/)e,*n a a ->o 

as — > oo, since 9(/) is a Hilbert-Schmidt operator. Hence by the Plancherel 
theorem (Theorem 5.1[ ) we are done. □ 



The above proposition was also proved in [T4"] . 

7. GENERALIZED SPHERICAL FUNCTIONS AND WEYL TRANSFORM OF K-TYPE 

FUNCTIONS 

From now on we assume that (K, HP) is a Gelfand pair, where A' is a connected, 
compact subgroup of U(n), whose action on C n is polar. More precisely, if we identify 
U(n) as a subgroup of SO(2n) and C n with IR 2n , then the action of K C SO(2n) 
on IR 2n is polar, so that we can use all the results about polar actions from the 
first three sections. Our main aims are to find all generalized A'-spherical functions 



(Theorem 7.14) and give a formulae for Weyl transform of a function F e 5? (C n ) 

can be 



7.4 



(Theorem |7.4[). Here y\£ n ) := {F e E d (C n ) : Fij G J^(C n )}. Theorem 
thought of as a generalization of the Theorem 4.2 in [6], which is a Hecke-Bochner 
type identity. To prove his theorem, Geller introduced certain Hilbert spaces of 
linear operators which turned out to be analogous to A 2 (S ,2 ™~ 1 ) and showed that 
the Weyl correspondence of L r (n)-harmonic polynomials are dense in these Hilbert 



spaces. We show that a similar result holds for any K (Proposition 7.8), and use 
this to prove our theorems. 
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For two positive integers p and q, let Ji x (C n ) denote the set of all p x q matrices 
whose entries belong to Jl x (C n ); pxg (!K A ) denote the set of all p x q matrices 
whose entries belong to 0(^i x ); and ^p X q denote the same whose entries belong 
to "K x . For 7 G O pX(? (IK A ), define its action as follows: if u G T(C n ), the {i,j)th 
entry of 7u is equal to T^u. Let y' (C n ) denote the set of all p x q matrices 
with entries from y\£ n ). For g G y(C n ) and F G ^ xq (C n ), we define the 
following whenever they make sense. For a differential operator D on C n , define DF : 
C" M pxq , by (DF)ij(z) = DF^z). If D G ty xq {C n ), define % : C" M pX(? , 
by (%)^(z) = %^(z). Define S A F, W A F G px ,(^ A ); r x (P s ) G 0, {(5)xi(5) (IK A ); 
and # A (P 5 ) G £ A xg (C n ), G ^ ((5)x/(5) (C n ) similarly For S G 0(# A ), 7 G 

O pX(2 (JC A ), define G pX(2 (?C A ) by (TS^- = 7 {j o 5. Similarly define S7 G 
0p Xy (^ A )- For a r x p constant matrix C, define CT G O rX9 (JC A ), by (CT)y = 

If / is a joint eigendistribution of all D G £^ (C n ), then .K" being a subgroup of 
Z7(n), it is also a joint eigendistribution of all D G £ A /( n )(C n ). But £ A /( n )(C n ) is 



generated by the special Hermite operator £ A , which is elliptic (see Remark 5.10). 
So we can assume that / is smooth. Therefore, we will consider only smooth joint 
eigenf unctions for £ x <: (C n ). 

Definition 7.1. A function \1/ G E s (C n ) is said to be a generalized i-T-spherical 
function of type 5 corresponding to /i A , if it is a joint eigenfunction for all D G 
£ x K {C n ) with eigenvalue /z A , i.e D^> = ^ X (D)^ for all D G £^(C n ). 



By Proposition 5.5 (b) it follows that, for any K- harmonic (hence U(n)- har- 
monic) polynomial p, 6 x (p) = 6 x (p). Hence 6 X (P 8 ) = 6 X (P S ) = 6^(P S ). Define 

Proposition 7.2. ^ A is a generalized K- spherical function of type 5 corresponding 
to ^ x . 
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Proof. We suppress the superscript A. Since 9(P S ) G ^d(6)xi(S)( ( C n ), by Corollary 

g(*J) = s(6(P 5 m^ a ) = r(p 5 )s(^ a ) = w(p 5 )g(^ a ). 



Therefore, by Proposition 5.7 for k £ K, 

S(fc- 1 ■ O = U(k)~ 1 S(^ S a )U(k) = U(k)- 1 W(P 5 )9(i' a )U(k) 
= P(A;)- 1 W(P 5 )P(A;)[/(A;)- 1 g(^)f/(A;) = W(k^ • P^AT 1 • 
= 6(k)W(P s )9(i> a )=8(k)9(* 6 a ). 

So we get V s a (k ■ z) = 5(k)^ s a (z), and hence V s a G £*(C n ). Again, P^ = [M a (D)ty 6 a 
for all P G £i<:(C n ), because 

g(p<) = g(*i)g(D) = g(#(p 5 ))g(^)g(P) 
= g(^(P 5 ))g(p^) = /i Q (P)g(^(P 5 ))g(^) = ^(d)s(K)- 

Therefore ty s a is a generalized PJ-spherical function of type 5 corresponding to fj, a . □ 

Note that ^ s ^ x (z) is equal to e~' A " 2 ' 2 times a polynomial in £ <5 (C ri ), and hence by 
Corollary 4.9, there is a unique PJ-invariant polynomial L 5 ^ x : C n — )■ M^x^) such 



that 

V 5 a x (z) = P s (z)L s a \z)e-^ 2 . (7.1) 
Define the 1(5) x 1(8) constant matrix A s ^ x by 

^ = / [*?(*)]**J A (*)<fe 

iL s /(z)Yr s (z)L 5 > x (z)e~ 2 ^ 2 dz. 



Clearly A^ ,A is positive definite. Let a(8) denote the number of linearly independent 
columns in \I/^ A . Let G% denote the ith column. Choose Cj(i), C^ 2 ), ■ ■ ■ , C / \ 
linearly independent and 1(1) < 1(2), ■ ■ ■ < l(a(5)). Let the remaining columns be 
C m (i), C m(2 ), • • • , C m (j({)_ a (i)), with m(l) < m(2) <■■■ < m(l(5) - a(S)) Let 

h = {l(l)J(2),--- ,l(a(5))}, 
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7 2 = {m(l),m(2),... , m(l(5) - a{5)) }. 
Then 7i and 7 2 are disjoint, and 

7 1 U/ 2 = {1,2,... ,1(5)}. 

Let *^' A be the d(5) x a(5) matrix whose rth column is C t ( r ), where l(r) G I±; and 
L 5 ^ x be the /(<5) x a(5) matrix whose rth column is C/( r ), where /(r) G 7 X . Then 
clearly we have 

&/( z ) =P\z)L 5 a \z)e~^ 2 . 

Define 

If = / [*?(z)]**?(z)dz 

JC" 

= f [L 6 a x (z)YT 5 (z)L s a x (z)e- 2 \ x ^ 2 dz. 

Note that A 5 ^ x is precisely the a(5) x a(5) matrix, obtained by deleting the m(r)th 
rows and columns from A s ^ x , where m(r) G 7 2 . 

Lemma 7.3. If a (8) > 0, A 5 ^ x is invertible. 

Proof. As usual we suppress the superscript A. If A 5 a is not invertible, then there 
exist a non-zero vector e G C a ( s \ such that {(A s a e),e) = (here (, ) denotes the 
usual hermitian inner product on C a(<5) ). Since 

A S a = [ [& a (z)]** s a (z)dz, 

we get VP* (z)e = for all z, implying that the columns of ^/ 5 a are linearly dependent, 
which is a contradiction. Hence the proof. □ 

Before we state one of our main theorems we introduce some more notation. For 
F G £ 5 (C n ), define 1(6) x 1(5) matrix C^ X (F) as follows : Let C S C ; X (F) denotes the 
a(5) x 1(5) matrix whose rth row is the /(r)th row of C^ x , where l(r) G I\\ and 
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~<5,A 

C a (F) denotes the (1(6) — ct(5)) x 1(8) matrix whose rth row is the m(r)th row of 
C^ x , where m(r) G h- 

C S a \F) = (AtT 1 [ [9?(z)]*F{z)dz 

= (A 5 /)' 1 [ [Lt x (z)YT 5 (z)G(z)e-^ 2 dz, \ (7.2) 



~5,A 

C Q (F) = 0. 
whenever the integrals exist. 

Theorem 7.4. (Hecke-Bochner identity) Suppose F = P S G G ,y s (C n ), where G 
is K -invariant. Then S A (-^) = VJ X (P S )S, where S G Oi(6)xi(8)(^ x ) whose action 
on each V a is the 1(8) x 1(8) constant matrix C^ X (F); equivalently if F = P 5 G G 
y s (C n ), where G is K-mvanant, then F x x tp x = ^^ X C^ X (F), where C^ X (F) is 



defined by (7.2). 



Before proving this general theorem let us consider the special case K = U(n), 
and describe \1/^ A , ^/„ A , L s ^ x • • • . We also show that, in this special case, the above 
theorem is precisely Theorem 4.2 in [BJ. We put these in the following remark. 

Remark 7.5. For this remark K always stands for U(n). Let M be the stabilizer of 
the i^-regular point e\ = (1, 0, • ■ ■ ,0) G C n ; then M can be identified with U(n — 1). 
Via the map kM — > k ■ e\, we have the identification K/M — K • e\ — S 2n ~ l . 
Note that, in this special case, the space H consists of all polynomials P such that 
A C nP = 0, where A C n = S™ =1 ^^-. for each pair of non-negative integers (p, q), 
let 7 pq be the space of all polynomials P in z and z of the form 

\a\=p\f3\=q 

Let J-Cpq — H fl y vq , and §> pq denote the space of restrictions of elements of J-C pq 
to S 2 ^ 1 . The elements of 'Kpg are called bigraded solid harmonics of degree (p, q), 
and those of §> pq are called bigraded spherical harmonics of degree (p, q). The in- 
action on S 2 " 1 ^ 1 defines an unitary representation on L 2 (S 2n ~ l ). Clearly each S pq 
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is a K-invariant subspace. Let 5 pq denotes the restriction of this representation 
to S pq . It is well known that these describe all inequivalent, irreducible, unitary 
representations in K M . Note that, according to our general notation (in Section 3), 



H Spq = X pq , E Spq (K/M) = S pq and l(S pq ) =dimV, 



M 



Using the similar arguments as in Remark 4.1 , we can prove the following : first 



note that, in this case, S pq is equivalent to 5 qp . Take P pq G and Y* to be their re- 
strictions to S 2n ~ l so that {Y p l q : i — 1, 2, • • • , d(p, q)} forms an orthonormal basis for 
S pq . Then it is possible to choose orthonormal ordered basis b = {v±, t>2, • • • , Vd( P ,q)} 
for Vs pq and b M = {t>i} for V^, and a basis e for Fs pq =¥Lom(Vs pq ,0-C pq ), so that, 
with respect to these bases, Y 5pq : S 2 ^ 1 -)■ M d ( P!? ) x i and P Spq : C n -»■ M d ( Pi9 ) X i are 
given by 



72n-l I 



d(p, g) 



■ P<2 



/<<-/ 



2n-l 



pS Pq ( z ) 



\S 



2n-l\ 



dip, q) 



V<1 



z G C n . 



In particular, 



P***{z) = \z\ p+9 Y s ™(z/\z\). 



Also, we have 



Tv (z) = \z\ 2(p+q \ 



(i) Recall the [/(ra)-spherical functions i/^'s from Remark 5.10 The correspond- 



ing generalized i^-spherical functions are given by 



9 x (P 5p ")ip^. Note that, 



Lf P9,A : C n ->■ Mi x i, and A & k vq ' X is a 1 x 1 matrix. Let VI 



denotes the th degree Laguerre polynomial of type 7. We will show the following 
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: For A > 0, 



L & r\z) = { 



A 



(-l)%- ri (2|A|) n+p+g L™+^ 1 (2|A||z| 2 ), if p <k 
0, if p > k, 

(-l)%- n (2|A|) n+ ^P^( z )L™+P + ^ 1 (2|A||z| 2 )e-l A ll 2 l 2 , if p < k 
0d( P ,q)xi, if P > k, 



TT 



(7.3) 



(7.4) 



(7.5) 



0, if p > k; 



consequently ^ S k pq ' X = V S k pq ' X , L s k pq ' X = L s k pq ' X and A s k pq ' X = A s k pq ' X if p < k. When 
A < 0, the role of p and q will be interchanged in the above formulae. We give a 
proof assuming A > 0. The proof for A < will be similar. Since 



<5 P9 ,A _ Q \( p<5„„V/,A 



e x {P 5 ^l = P s ^(z)L 5 k pq ' X (z)e- wlzl 



and z\z\ G "K pq , it follows that 



6\z{zt)ri = z\zlL s r X {z)e 



Therefore, to prove (7.3) it is enough to show that 



e\zi4)^ 



-l)%-"'(2|A|) n+p+ ^L^ + ^ 1 (2|A||^| 2 )e-l A ^l 2 , if p < k 
0, if p > k. 



(7.6) 



Since 6 (z 2 ) = R 2 = d/dz 2 — Xz 2 , and 



_d_ 

dz 2 



[L^- 1 (2|A||^| 2 )] =2|A|^ 2 [Lr- 1 ] / (2|A| N 2 ), 



an easy calculation shows that 

^(^ 2 )^(^) = 7r-(-l)(2|A|)" +1 ^[(Z,r 1 ) / -^r 1 ](2|A||z| 2 )e-l A H-l 2 
Using the well-known relations 



k ■ 
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we get 



Since 9 x (z™ +1 
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O x (z2)1>k(z) = vr- n (-l)(2|A|)" +1 ^^ +1 - 1 (2|A||z| 2 )e- |A||z|2 

A, 



(R 2 ) m+1 



R 2 9 (z™), by an induction argument we can prove 



that 



e\z«)^(z) = *^{-l)*(2\\\)^%L?*-\2\\\\z\*)e 



n+q^q T n+q-l, 



-|A|k| 2 



for all non negative integer q. Now fix a q. Then again by induction on p and using 
a similar argument we can prove that 

e\z[zl)^ k {z) = vr-«(-l)^(2|A|)" + ^(^)Lrr^ 1 (2|A||^| 2 )e-l A IN 2 , 

whenever p < k. In particular we get for any fixed q, 6 x (z'[z2)ipk{z) is equal to a 



constant times z\z^e ' A " 2 ' . Since Q x {z\ 



R x )6 x {z^z q 2 ) and 



itf (zfizge-WM 3 ) = (d/dzi + Xz 1 )(z'[z q 2 e- W ^ 2 ) = (asA > 0), 



we get 9(z^ +l zl)ipk(z) = 0, and consequently 9 x (ziZ 2 r )'il) k K (z) = for all p > k. This 



i (5p ,A 



finishes the proof of (7.3). (7.4) follows immediately from (7.3). A k pq ' has the 
formulae 



[L & r\z)YT- s (z)L 



z e 



Therefore, (7.5) follows by (7.3) and the fact that 

Hint M2 -r + 7 + 

y [L * (r)]e r dr= r(fc+i) • 

(ii) From the above discussion it is immediate that, for the special case K = U(n), 



Theorem 7.4| can be restated as follows (which is precisely Theorem 4.2 in [6]) : 
Suppose Pg G y(C n ), where P G 0-C pq and g is a radial function. For A > 0, 
$ x (Pg) = W X (P)S, S G 0(:K A ), whose action on each ? k {C n ) is a constant c k , 
where c k = if p > k, and for p < k, it is given by 



r{n)T{k-p + l) 



(z)Llt: +g '\2\\\\z\ 2 )\z\ 2 ^e- lx ^\ 



T(k + n + q) 

when A < 0, the role of p and q will be interchanged in the definition of c k . 
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To prove Theorem 7.4 , we need several steps. For a finite dimensional subspace 

V of :K\ let 0(V) stand for the vector space of all bounded linear operators R : 

V — > 0~C X . Define an inner product (, ) A on 0(V) by 

d 

(R,&) x = jr(Rv j ,Ii!v j ), 

3=1 

for an orthonormal basis {v i, t>2, ■ ■ ■ v^}. Clearly the definition is independent of the 
orthonormal basis. One can see that the norm defined by the above inner product 
is equivalent to the operator norm. Since 0(V) is a Banach space with respect to 
the operator norm, we conclude that 0(V) is a Hilbert space with the above inner 
product. If V C CP(C™) we can view 0(J{ A ) as a subset of 0(V) by restricting the 
elements in 0(CK A ) to V. If V — V a , we denote the inner product by (, ) A . In this 
case, by Schur's orthogonality relation we have another formula for (, ) A , given by 

(R,#)*= [ (R(k-v),R'(k-v))dk , 

for any unit vector v G V a . 

Lemma 7.6. (a) Suppose f G S"(C n ), and 5 G Km- Then 

(5\f),W\P 5 )) X a = n n (2\X\)- n (f^ x ). 

Here the equality is entry wise. 
(b) For two K -harmonic polynomials p, q 

(W A (p),W A (g)) A =7r"(2|A|)-' 1 (^(^ A ,^(g)^). 

Proof. The proof is similar to that of Lemma 2.1 in [TU]. 

d(a) 

<S(/),W(P 5 )) a = ^<S(/)e Q „W(P 5 )e Q ,> 

u=l 

d{p) 

= EE<S(/)e^,W(P 5 )y a e^> 

/3eA u=l 

d(p) 

/3eA u=\ 
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By Corollary 5.4 



Hence by the Plancherel Theorem (Theorem 5.1), (a) follows. The proof of (b) is 
similar. □ 

Lemma 7.7. {W A (p) : p G 7{Cl)} is dense in 0(V a ). 

Proof. It is shown in [6] (See Proposition 2.10 (b)) that {W(p) : p G T(Cg)} is dense 
in 0(3 3 m (C ri )). Since V a is contained in some 7 m (C n ), we can extend any operator 
T G 0(V a ) to T' G 0(CP m (C n )) by defining T' to be zero on the complement of V a in 
T m (C n ). From this, it is easy to see that, {W(p) : p G ?(CS)} is dense in 0(V a ). □ 

Let be the subspace of Hv, spanned by the entries of ith row in P s . Using 

6 & 

Schur's orthogonality it can be shown that, if p G iify> 9 £ H\ with (5, i) 7^ (S',i'), 



then 



p(k ■ z)q{k ■ z)dk = 0. 



(7.7) 



A" 



Proposition 7.8. 0(V a ) = © ae # ©£? W A (#*)| y (orthogonal Hilbert space de- 

5 a 

composition). 



Proof. In Lemma 7.6 (b), if we take p = Pfj and g = i^v, then 6(p)ip a = (i, j)th 
entry of 9(P s )ip a = (i,j')th entry of and similarly 6(q)ip a = (i',j')ih entry of 



Note that has the form ( |7T| ). Therefore if (6,i) ^ (5',i'), then by §L7j we 

have, 



[0(p)^«](fc • z)[9(q)ip a ](k ■ z)dk = Vz. 



K 



Integrating both sides over C n , and then making a change of variable, namely z — > 
k~ l ■ z, we get {0{p)ip a) 6{q)ip a ) = if (5, z) 7^ (S',i'). Hence the orthogonality is 
proved. 



By Lemma 7.7, {W(p) : p G CP(C^)} is dense in 0(V a ). Therefore to complete the 
proof of the proposition it is enough to show that for any 5 G Km, 



(7A 
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For a polynomial p, let p{D) denote the constant coefficient differential operator 
obtained by replacing Zj by —d/dzj and Zj by d/dzj. Then it is an easy consequence 
of the Euclidean Fourier transform that 3 r '~ 1 p = p(D)Sq. Also, we can write 

6(p)=p(D)+e(p), 

where e(p) is a polynomial coefficient differential operator of order strictly less than 
the degree of p. Let P m be the space of all polynomials in z, z whose degree is less 



than or equal to m. We prove (7.8) by showing that 

W(IH s nP m )L CW(H S )\ V , (7.9) 
for all non negative integers m. We do it by induction on m. Since W(l) = S(^o) = 



identity operator, (7.9) is true for m = 0. Now suppose (7.9) is true for m = k. It is 
enough to show that W(p) G W(ii/j) L. , for any polynomial p of the type p = jh, 
where j G / , h G H$ and degree p — (k + 1). 

W(p) = 9(^'- 1 p) = 5(h(D)j(D)5 ) 

= 5(e(h)j(D)5 )-5{e(h)j(D)5 ) (7.10) 
= W(h)W(j)-W(¥(e(h)j(D)5 )). 



By Corollary 6.2, W(j) is a scalar on V a . Hence 

[W(h)W(j)]\ v eW(H s )\ v . 

i va 1 v a. 

Now note that e(h)j(D)5o is a distribution supported at the origin, whose order is 
less than or equal to k. Therefore 3 r/ ' (e(h)j(D)6o) is a polynomial of degree at most 



k. Again from (7.10) we have 

F- 1 p = e(h)j(D)6 -e(h)j(D)6 , 



which implies that 



&(e(h)j{D)6 )eS s = IH s . 
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Therefore, by the induction hypothesis, 

W(?'(e(h)j(D)5 ))\ Va eW(H s 
So ultimately we get that 



W(p)L eW{H s 



as desired. Hence the proof of the proposition is complete. 



□ 



Proof. (Proof of Theorem 7.4) By Lemma 7.6 (a) 



<S(/),W(P 5 ')) q = vt"(2|A|)-"(/,<), 
for / G S^(C n ) and 5' G Km- Again, ^ has the form (7.1). Therefore if we take 



1(8) 



f(z) = F v (z)=^li(z)G kj (z) 1 



k=i 



then by (7.7), we get 



;s(F 4 ,),w(^;,)> a = o, 



if (5',i') 7^ (S,i). By Proposition |7. 8, in particular for i = 1, we get 



s(^)lv a ew(^| Va , 

for all j = 1, 2, • • - , and consequently there are constants such that 



5(F 



which implies 



{(*) 

uJ| Va = EcwW(i4)| 
fe=l 



(7.11) 



F^xipa = s ^2c kj 9(P( k )il} a 

k=l 

= (1, j)th entry of [9{P 5 )^ a ]C a 
= (l,j)th entry of * s a C a , 

where C a is the Z(<5) x /(5) constant matrix whose (/c, j)th entry is Ckj- Therefore 
F x ip a = W a C a . This is true for all a G A. Hence we get 



4.4 



by Corollary 

9(F) = W(P S )S, if we define the 1(8) x Z(5) linear operator S by SL = C a . 
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Since II(z)* = H(—z), a direct calculation shows that S(/) = S(f~)*, for all / G 
y(C n ), where f~(z) = f(-z). Also, note that (Ljf)~ = and (Ljf)' = 

(—Lj)f~. Therefore if p, q be two inharmonic polynomials then 



9(0(pM>x%)^) = 9(9(p)il>a)9(0(q-)il>p) 

= w(p)sw[w(r)g(g* 

= r(p)S(^ a )S(^)r(?-)* 
= 0, 

if /3 7^ a. The last two equality holds on the domain of r(q~)*. Since Wj- and Wj 
are adjoint to each other we see that r(q~)* = r(q~) whose domain contains 7(C n ). 



Hence we get 9(p)ip a x 9(q)ijjp = 0. In particular J c „ 9(q)ipp(z)9(p)ip 0( (z)dz = if 
(3 ^ a. Applying this, we have for (5 ^ a, 



(7.12) 



Since (by Proposition 6.4) 



we get 



[*i(z)]*F(z)dz 
[L 5 a (z)]*r s (z)G(z)e-^ 2 dz. 



(7.13) 



Now we show that it is possible to chose C a = C a ' (F), as defined in (7.2). Without 
loss of generality assume that l(r) = r, i.e. first a(5) columns in ty s a are linearly 
independent. By Remark 4.5 {^ 5 a ij = 9(Pfj)ip a : j = 1, 2, • • • a(S)} form a basis 

9(P^)tp a : j = 1, 2, ■ • • 1(5)}; which is equivalent to saying 



for V*. 
that {W(Pj 



spaa{** y 



1, 2, • • • a(5)} form a basis for W(Hl)\ . Therefore in (7.11 ) 



we can take Ckj = for k > ac(5). Consequently from (7.13) we get 



A a C a 



[L s a (z)YT s (z)G(z)e^ 2 dz, 
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where C a denotes the a(5) x 1(5) matrix whose rows are precisely the first a(S) rows 



of C a . But by Lemma 



7.3 



A s ^ x is invertible. Therefore we can write 
C a =(A s a y l [ [L 5 a (z)YT 5 (z)G(z)e-^ 2 dz. 



Hence by the definition of C£ A (F), C a = C^ X (F) as desired. □ 



Now we extend Theorem 7.4 to a larger class of functions. Let 

£ A (C n ) = {f e £(C n ) : e- (|A| - e)|z|2 |/(^)l e L p {C n ), for some e > 0,1 <p< oo}, 
and for 5 G -Km, 

£ 5 > A (C") = {F G £ 5 (C n ) : each F tJ G £ A (C n )}. 
Since Vol- 2 ) is equal to e~' A " 2 ' 2 times a polynomial, clearly(by Holder's inequality) 

/ x A 4> x a {z) = [ f(z- w)^ x {w)e 2iXlm ^dw 
is well defined, whenever / G £ A (C n ). For e > and z G C n , define 

r e z ^ x {w) = e (|A| - e)|u,|2 [^ A ( 2 - w)e- 2iXlmi - z -% 

which clearly belongs to ^(C n ). Note that if / G £ A (C n ), then for some e > 0, we 
can think of e-^-^ z \ 2 f(z) as a tempered distribution and then clearly 

/x A ^ A (^) = e-(l A l-)H 2 / ( r ^ ) _ 

Lemma 7.9. Let f be a distribution on C n , such that for some e > 0, e~(' A '~ e )''' 2 / 
is a tempered distribution. Let D be a polynomial coefficient differential operator on 
C n . Then 

(a) e~^ A ' _e -"'' 2 Df is also a tempered distribution. 

(b) Let fj G y(C n ) be such that e'^'^ 2 fj -> e'^'^f in y'{€ n ). Then 
e -(\ x \-^-\ 2 Dfj -> e -(|A|-OI-l a £)/ i n y(C n ). Consequently for each z G C\ 
Df j x x ^ x ^e-^-^ 2 Df(r^ x ). 

(c) In particular, if f G £ A (C n ) ; x A ^(-z) -> / x A / or ea °h z G C n . 
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Proof. When the action of D on / is multiplication by a polynomial, clearly (a) and 
(b) are true. Note that 



dzj dzj 



(e-^/)+(|A|- £ )^ 



which immediately proves (a), as well as (b) when D = d/dzj. General case follows 
by an induction argument. Assertion (c) is immediate from (b). □ 

Theorem 7.10. Suppose F = P S G G £ a > A (C n ), G is K-invariant. Then Fx x tjj x = 
tf£ A C# A (F), where C S ^(F) is defined by {gg?. 



Proof. Each entry of F belongs to £ A (C n ). Take Fj G y 5 (C n ) such that e -(|A|-e)|.| a _|^. 
e -(W-*)U 2 jr entry wise in S"'(C n ). For each Fj we can apply Theorem 



7.4 



to get 



F j xi/, a (z)=V a {z)C!?(F j ), (7.14) 



where C^ x (Fj) is defined by equation (7.2). A similar argument used in the proof 



of the previous lemma shows that lim^oo C^ x (Fj) = C^ X (F). On the other hand, 
by (c) of the previous lemma, for each z G C n , 

lim [Fj x ip a {z)} = F x ip a (z). 



Hence for each z G C n , taking limit, as j — > oo, in (7.14), the proof follows. □ 



Now we proceed to prove the uniqueness (upto right multiplication by a constant 
matrix) of generalized i^-spherical function when it belongs to £ <5,A (C n ). 

Lemma 7.11. Let f G £ A (C™) be a joint eigenfunction for all D G £ A (C n ) with 
eigenvalue /x A . Then f x A if)* = if (3 ^ a. 

Proof. By definition of £ <5 (C n ), e - (' A '~ e )''' 2 / is a tempered distribution for some e > 0. 
Take fj G J^(C n ) such that e -(l A l- e )l-l 2 /j ->■ e'^-^ 2 f in y'{€ n ). Let D G £^(C n ). 



Since D/ = fj, a (D)f, by Lemma 7.9 (b) 



lim Dfj x ^) = e -^-^ 2 fi a (D)f(T^) = fi a (D)f x if, p . (7.15) 
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Again by Lemma 7.9 (c) 



lim f j x ^(z) = f x ^(z), Vz G C" (7.16) 

Now we will show that Dfj x ipp = fip(D)fj x ipp for all j. By Proposition 5.3 
follows that range [5(D) 7^} C for some natural number N. Here P^ denotes 
the space of all holomorphic polynomials of degree less than or equal to N. Hence 
5(D) < J } /3 = ^XV 7 cPjv ^fj 5(D)7p. Enlarging P^r if necessary we may assume that 
Vg C Pjy- Therefore we have 

5(Df 3 x $ p ) = 5(Df^ = 5(fj)5(D)7 p = 5(f)) ( °\) 



V 7 cPjv 



But, 



Hence 



ASP) = S(V 7 )S(£) = 9(DV 7 ) = ^(D)7. 



7" 



gp/j x ^) = ^(D)5(fjPp = np(D)S(fj x V/j). 
Therefore -D/,- x ^(-z) = Hp(D)fj x V^- 2 ) for all z G C n . Now taking limit as j — > oo 



and using (7.15), (7.16) we get jj a (D)f x ^(z) = [ip(D)f x ipp(z). This is true for 
all -D G £^(C n ). Since \i$ ^ fi a for /3 ^ a, we get / x ij)p(z) = if (3 ^ a. Hence 
the proof. □ 

Lemma 7.12. Let L x be the special Hermite operator andip^ 's be the U(n)- spherical 
functions (see Remark 5.10). Let f G £ A (C n ) be an eigenfunction of £ A with 



eigenvalue —2\X\(2k + n). Then f = f x A ip£. 

Proof. For this proof let K = U(n) and M be the subgroup of U(n) that fixes 
the coordinate vector e\ = (1,0, ••• ,0) in C n . For 5 G Km, let Xs(k) = tr(S(k)). 
Define fs(z) = j K f(k~ x ■ z)xs(k)dk. Clearly each fs is an eigenfunction of L with 
eigenvalue —2\X\(2k + n). Applying the previous lemma for K = U(n) to each f§ 
we get fs x ip m = if m ^ k. Again Proposition 4.5 [16], in particular, implies 



that each fs G y(C n ). Hence by Proposition 6.4 fs = H me ^fs x ip m . Consequently 



we get fs — fsX ipk for all S G Km- Since ipk is radial, an easy calculation shows 
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that (/ x ipk)s = fs x "tpk- Therefore fg — (/ x ipj^s for all 5 E Km- But for any 
smooth function g it is well known that g(z) = T, s& ^- M gs(z), where the right hand 
side converges uniformly over compact set. Hence we conclude that / = / x ip^. □ 

Proposition 7.13. Let f E £ A (C n ) be a joint eigenfunction for all D E L^(C n ) 
with eigenvalue /z A . Then f = f x A ijj x . 

Proof. V a C CPjt(C n ) for some k E N. Then / is an eigenfunction of L with eigenvalue 
— (2k + n)|A|. Therefore by Lemma 



7.12 



Set / = £ 



f x if) p. But then by Lemma 



f = f xipk- Since ip k = ^v c? k (c«)V% we 
/ = / x lj) a . 



7.11 



□ 



As an immediate consequence of Theorem |7.10| and Proposition |7.13| we get the 
following Theorem. 

Theorem 7.14. If ^ E £ 5 ' A (C n ) is is a generalized K-spherical function of type 5 
corresponding to the eigenvalue fi x , then \& = ^ S ^ X C , where C = C^ x (^) as defined 



by (7.2) 



We conclude this section by giving another formulae for \E^ A which will be used 
in the next section. Define 

d(a) 



[U\z),W\P s )) X a = ^<n A ( 2 )e A „W A (P 5 ) e i> 



u=l 



Proposition 7.15. ^' A = 7r- n (2|A|) n $^ A . Consequently B x (p)^ x = (ll x (z), W A (»)^ 



whenever p E Hv. 

s 



Proof. Note that, on the one hand a direct calculation shows 

<S A (/),W A (P^ = (/,<^ A >, 



and on the other hand, by Lemma 7.6 (a), we have 



<g A (/),W A (P 5 )>^ = vr"(2|A|)-"(/,^ A ), 



for all / E y{C n ). Hence 



5, A 



7T 



" n (2|A|) n $^' A . This also can be proved directly 



using the inversion formulae for Weyl transform. 



□ 
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8. K-FINITE EIGENFUNCTIONS 

Following the view point of Thangavelu in [16J (see Theorem 3.3 there), we obtain 
a representation for X-finite joint eigenfunctions in £ A (C n ). 

Theorem 8.1. Let f E £ A (C n ) be a K -finite joint eigenfunction for all D E L^(C n ) 
with eigenvalue /i A . Then f(z) = (ll x (z), W A (P))^ for some K-harmonic polyno- 
mial P. 

To prove the theorem we first prove the following lemma, which is an easy conse- 



quence of Theorem 7.14 and Proposition 7.15 



Lemma 8.2. Suppose F : C n — > M^x^) is a smooth, square integrable joint 
eigenfunction for all D E £j^-(C n ) with eigenvalue yU A . Also assume F(k ■ z) = 
S(k)F(z), for some 5 E Km- Then, there exists a 1(5) x d(5) constant matrix C such 



that F = $^> A C\ 



Proof. We suppress the superscript A. For each j E {1, 2, • • • d(S)}, define F J : 
C n — > 'Md(S)xi(S) to be the matrix whose first column is precisely the jth column 
of F(z) and else are zero. Then clearly each F- 7 is square integrable generalized 



i^-spherical function. Hence, by Theorem 7.14 and Proposition 7.15 it follows 
that there exist 1(5) x 1(5) constant matrix C- 7 such that F^ = Equating the 

entries in first column we get 

M 

k=l 

which in matrix form can be written as F = $*C, where C is the 1(5) x d(5) constant 
matrix given by Cj-j = C J kl . Hence the proof. □ 



Let K denote the set of all inequivalent unitary irreducible representations of K. 
For 5EK, let X s(k) = tr[8(k)\. 
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Proof. (Proof of Theorem |8.1 ) Since / is if -finite, by Lemma 1.7, Chapter IV of 
[5], there is a finite subset K(f) of K such that 

f(z)= ^ d(S)xs*f(z):= J2 d ^ [ Xs(k)f(k- 1 -z)dk= ^ d(5)tr(f), 

SEK(f) SEK(f) " k SEK(f) 

where 

f\z) = [ f{k~ l ■ z)8{k)dk. 

J K 

Clearly f 5 G £ A (C n ). Since any D G Lx(C n ) commutes with the action of K, clearly 
each f s is also a joint eigenfunction for all D G £^(C n ) with eigenvalue fj, a . Also 
note that f s (k ■ z) = 5(k)f s (z). Now, for z = (r, kM) and m G M, 

= / a ( r , bl) = f[km ■ (r, M)) = 5(k)5(m)f(r, M). 

Therefore if 5 Km, integrating both side of the above equation over M, we get 
f 5 (z) = 0. So assume that 5 G K M . But then by the previous lemma, each ff- 
can be written as ffj(z) = (n A (z), W A (P^)) for some P^ G Hg. Hence the proof 
follows. □ 

Let f(z,t) be a joint eigenfunction for all D G £A-(f) n ) with eigenvalue /i A . Since 
t|(0 a ) = iA0Q,, Jl^(d/dt) = iX, f has the form f(z,t) = e lXt g{z). Clearly g is a joint 



eigenfunction for all D G C^(C n ) with eigenvalue /i Q A . Therefore, Theorem 8.1 
implies the following theorem on the Heisenberg group. 

Theorem 8.3. Let f be a K-finite joint eigenfunction for all D G £A'(f)n) with 
eigenvalue Ji x a such that f(z,0) G £ A (C n ). Then f(z,t) = (ll x (z, t), W A (P))^ for 
some K -harmonic polynomial P. 

The following proposition says that /z A 's are the only possible eigenvalues for 
joint eigenfunctions of all D G /C^(C n ), which belong to £ A (C n ). Hence Theorem 



8.1 actually describes all if-finite joint eigenfunctions of all D G ^^(C™), which 
belong to £ A (C ra ). Consequently, Theorem 8.3 actually describes all if -finite joint 



eigenfunctions f(z,t) of all D G £(f) n ) with eigenvalue /i, such that /i(^) is a non 
zero real number and f{z,0) G £ A (C n ). 
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Proposition 8.4. Let f E £ A (C n ) be a joint eigenfunction of all D E £^(C n ) with 
eigenvalue //. Then \i = /i A for some a E A. 



Proof. From Remark 7.5 recall §> pg , the space of bigraded spherical harmonics of 
degree (p, q). Take an orthonormal basis [Yj q (u) : j = 1, 2, •, d{p, q)} for S p(? , so that 
{Yj q (u) : j = 1,2, ■ ■ ■ , d(p, q);p + q = k; k = 0, 1, • • • oo} form a basis for L 2 (S 2n ^ 1 ). 
Therefore for each r > 0, f{ru) has the bigraded spherical harmonic expansion 

oo d(p,q) 

/m = E E E w g s*- 1 , 

m=0 p+q=m j=l 

where 

&(r) = f f(rco)Yj q (u)dco, r > 0. 

Since / is smooth, clearly f£ q (r) is bounded at zero. Now let = — 2|A|(2a + n), 
a G C. i.e / is an eigenfunction of £ with eigenvalue — 2|A|(2a + n). Then it can 
be shown that (see the proof of Proposition 4.5 [16]), each f^ q (r)Yj q (co) is also an 
eigenfunction of L with eigenvalue — 2|A|(2a + n) i.e 

^&(r)^H] = -2|A|(2a + n)[/i(r)yi(a;)]. 

Writing £ in polar coordinate, using the fact that Yj q is an eigenfunction of the 
spherical Laplacian on S 2n ~ l , and then making a change of variable 

p pq (r) = r"+M2|A|r 2 )e- |A|r2 , 

we get (for details see the proof of Proposition 4.4 [TB]) that u satisfies the following 
confluent hypergeometric equation 

tu"{t) + {d- t)u'{t) - (p - a)u(t) = 0, (8.1) 



where d = n + p + q. The equation (8.1 ) has two linearly independent solutions u\ 
and «2, with the following asymptotic behaviour (see [I], page-145): 
(i) If (p-a)^0,-l,-2,..., 

uAt) ~ i d ~^[ eH p - a - d , u 2 (t) ~ r {p ~ a) as t -> +oo 
r(p - a) 
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if d = 1 

r(p-a) 



ii X (t) ~ 1, it 2 (t) ~ { u ' ast^0+, 

if d > 2 



where c is a non zero constant. 

(ii) If (p — a) is a non positive integer, 



iti(t) = ^lj(t), w 2 (t) ~ e'(-t) a - p ~ d as t +oo. 



Therefore, under the conditions on /, the only possibility is (p — a) is a non positive 
integer and consequently 

f i q{r) = r P^L n a ^-\2\X\r 2 )e-^ 2 . 
So there exists non-positive integer k such that a = k. Hence / is a eigenfunction 



of £ with eigenvalue — 2|A|(2fc + n). Therefore by Lemma 7.12, / = / x i/j^ = 
YlvpcVkiO) f x Since / * s non zero > there exists a G A with V a C Tfc(C n ) such 
that f xip a ^0. Now let D G £^(C n ). Then 



D/= J] £[/xV/j]= E f xD ^= E MD)fx^. 
V£c3> fc (c«) v>cT fc (C") v>ca> fe (0) 



Again 



So we get 



Hence 



Df = p{D)f= 

V/3cy fc (C") 
]T [>ip)-^p)]/xV/j = 0. 

V>CO> fc (C") 



E M^) - w( D )]f x ^ x i = 0. 

which implies that [/i(-D) — fi a (D)]f x ip a — 0. Since / x T/? a ^ 0, we get fi(D) = 
fjb a (D). But D G £^:(C n ) is arbitrary Hence /i = □ 



Remark 8.5. Theorem 8.1 holds true even if we assume that / is a distribution 
such that e _< -' A ' _<E ^'' 2 / defines a tempered distribution for some e > 0. 
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9. SQUARE INTEGRABLE EIGENFUNCTIONS 

In this section we prove the following theorem characterizing square integrable 
joint eigenf unctions of all D G L^(C n ). This is analogues to Theorem 3.3 in |16j . 

Theorem 9.1. The square integrable joint eigenfunctions of all the operators D G 
£^-(C n ) with eigenvalue fi^ are precisely f(z) = (n A (;z), S} , where S G 0(V a ). 
Moreover \\f\\ 2 2 = vr n (2|A|)- n | \S\ | 2 . 

Proof. Let / G L 2 (C n ) be a joint eigenfunction of all D G £^(C n ) with eigenvalue 
fi a . We have 

/= E d ( 5 )xs*f= E 

where the series converges in L 2 (C n ). Clearly each f s : C n — > Md(5)xd(6) is a joint 
eigenfunction of all D G C K (C n ) with eigenvalue \i a . also f s (k ■ z) = 5(k)f 5 (z). 



Therefore by Lemma 8.2, there is a (1(5) x d(5)) constant matrix C$ such that 



d(5)f = ¥ a C s = n- n (2\X\) n (U(z),W(P 5 )) a C s . 



Hence 



and 



f(z) =7r-»(2|A|r E tr[<n(^),W(P 5 )) a L7 5 ], (9.1) 



1= E II^K^llla = E ||tr[(<9(^)^)C tf ]|| = 



5 a Km S&K m 
= TT 



(2\x\r E \H w (p s )c s ]\t 



where the last equality follows from Lemma [7. 6| (b). Therefore 

S:=7T"(2|A|) n E ^[W(P 5 )\ Va C 5 ] 



defines an element in 0(V a ), and consequently from (9.1) we get f(z) = \H(z), S) . 
Conversely let f(z) = (U(z),S) a for some S G 0(V a ). Let K(a) = {5 G K M : 
W(H s )\ Va ^ {0}}. For each 5 G K(a), choose p) G H s , j = 1, 2, • ■ • n a (5) so that 
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{W(j/)|y a : j = 1,2, ••• , n a (5)} forms an orthonormal basis for W(Hs)\v a - Hence 



by Proposition 7.8, {W(p^)|y Q : j = 1,2, ••• , n a (S);5 G K(a)} is an orthonormal 
basis for 0(V a ). Therefore we can write for each z G C n , 



f(z) = (U(z),S) t 



n a (S) 



Y: £(n(*),w($> a (w(p}),s> ( 

Se.K(a) 3= l 



n a (S) 



7T 



"(2|A|)-' £ [e(p S j )^](z)(W(p%S) a (9.2) 



by Proposition 7.15 But 



n a (5) 



E E K w (p5)^>j 2 = hsi^<oo, 

6<=K(a) i =1 



and by Lemma 7.6 (b) 



Oif (<*',/) 
tt-"(2|A|)" if (<U) = («V)- 



Therefore it follows that the series for / defined by equation (9.2) converges in 



L 2 (C n ). In particular / G L 2 (C n ). Since any D G /C^-(C n ) is a polynomial coefficient 
differential operator we have 

n a (S) 

Df{z)=ir n {2\\\Y n J2 ^WW(2)(W(pJ),S> o 

in the distribution sense. But D[9(pj)ip a ~\ = ^ a {D)[9{p s ^ a ]. Therefore we can 
conclude that Df = fi a (D)f. Hence / is a joint eigenfunction of all D G £x(C n ) 
with eigenvalue \i a . Also note that = 7r n (2|A|)~ n | \S\ \ 2 a . Thus the proof is 

complete. □ 



10. Integral representations of eigenfunctions when dimV 5 m = 1 

As usual let (K, HP) (K C U(n)) be a Gelfand pair such that the .fT-action on 
C n is polar. In this section we consider the special case when dimV s = 1 for all 
5 G Km, and (under the usual growth condition) characterize any joint eigenfunction 
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of all D G £^-(C n ). We show that for this special case it is enough to consider 
subgroups of the type K = U(n\) x U (n 2 ) X • • • X U(n m ), n% + n 2 + ■ ■ ■ + n m = n. 
Then the generalized .fT-spherical functions are given in terms of certain Laguerre 
polynomials. We use the well-known asymptotic behaviour of Laguerre polynomials 
to characterize joint eigenfunctions. We give two such characterizations. The first 



one is a direct generalization of Theorem 8.1 and Theorem 9.1 We will see that this 



is actually analogues to Theorem 4.1 in |16j . which gives an integral representation 
of eigenfunctions. Though the ideas behind the proof are similar to that in [16J, we 
give the details here, since we will be dealing with K = U(nx) x U(n 2 ) instead of 
K = U(n). The second one gives a different integral representation of eigenfunctions 
with an explicit kernel. 

Lemma 10.1. Suppose dimV s M = 1 for all 5 G Km- Also assume that the decom- 
position of y i(C n ) into K -irreducible subspaces is as follows : CPi(C n ) = Vj, 
where V x = span{zi,z 2 , • • • ,z ni },V 2 = sp&n{z ni+1 , z ni+2 , ■ ■ ■ ,z ni+ri2 }, ■■■ ; n 1 +n 2 + 
■■■n m = n. Then ?(C^ = !P(C^ , where K = U{n x ) x U{n 2 ) • • • X U(n m ). 

Proof. For simplicity of the proof we take m — 2. Let {vx,v 2 , ■■■ ,Vd( a )} be an 
orthonormal (in CK A for A = |) basis for V a and p a = S^^i;^. Then {p a }a^A 
is a vector space basis for 7(C^) K (see Proposition 3.9 in [2]). In particular, any 
i^-invariant second degree homogeneous polynomial has to be a linear combination 

of 7i and 72, where 71(21) = \zi\ 2 + \z 2 \ 2 H \z ni \ 2 and j 2 (z) = \z ni+1 \ 2 + \z ni+2 \ 2 + 

■ ■ ■ \z n \ 2 . Since U{ni) x U{n 2 ) invariant elements in T(Cjg) are generated by 71 and 
72 (z), to prove the theorem it is enough to show that any i^-invariant homogeneous 
polynomial can be written as a polynomial in 71(2;) and 72 (z). We prove this by 
induction on the degree of .fT-invariant homogeneous polynomials. Note that degree 
of a if-invariant homogeneous polynomial is always even. Denote the representation 



of K on Vj by 8j. Since /(^)=dimV; M = 1, H s = Vj (see (3.2)). Now if V a C ? 2 (C n 



j 

then degree of p a is 4. Since 3 r '(^ L ) is equal to z\ times a K-invariant distribution, 
which transform according to representation 5\ and i^-action commutes with jF', 
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the same is true for §|* Hence §§^ G IH Sl = IV X , where I = ?(Cl) K . But 
being a third degree homogeneous polynomial and any i^-invariant second degree 
homogeneous polynomial being a linear combination of 71 and 72, ||r has to be of 



the following form : 



dp a 

dzi 



( z ) = J2z j [a j -f 1 (z) + b jl2 (z)}. 



(10.1) 



Similarly, CIS - ~ IS cl third degree homogeneous polynomial which belongs to 



IHg 2 = IV 2 , it has the following form 



dpo 



dZni+l 

From the above two equations we get 

d 2 p. 



i=i 



(10.2) 



dz ni+ idzi 



2j bjZjZ ni+ i 



-jZl, 



3=1 



J'=l 



which implies that 6, = if j 7^ 1. So (10.1) becomes 



dp, 

dz\ 



Tlx 



y(z) = Zl[ai^l(z) + 6l72(^)] + ^2 Z 3 a 3^( Z )- 

i=2 



10.3) 



Now let 



Vi(z) = zxicixZx + c i2 z 2 H c in z n ) +qi{z), i = 1, 2, • • • d(a), 

where qi(z) is a second degree homogeneous holomorphic polynomial in z 2 , z%, • • • z n . 
Then 



dp a 
dzi 



d(a) 



(z) = yjzijcgZ! + c i2 z 2 H c in z n ) + qi(z)][2c i iZ 1 + C i2 Z 2 H C in Z n ]. (10.4) 



t=l 



Equating the coefficient of z 2 Z\Z\ from the right hand sides of (10.3) and (10.4) we 
get a 2 = 2£cj2Cii- Again equating the coefficients of z\z 2 from the right hand sides 



of (10.3) and (10.4) we get Y>CiiC i2 = 0. Hence a 2 = 0. similarly a 3 = a 4 



am = 0.) So from (10.3) we get 

dp, 



dz\ 



(z) = 21 [0171(2) + 6172(2)]- 
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Similarly we get 

-q£(z) = Zj[ajili{z) + bj^iz)}, j = 1,2,-- -ra. 
Hence we can write p a as 

ajli(z) 2 + 6j7i (3)72(2) + ^(2) if j = 1, 2, • • • ,m 

^ (2) = < 

[971(2)72(2) + dj^ 2 (z) 2 + 9(2) if j = rii + l,rii + 2, •• • ,m + n 2 = n. 

Here 7^(2) is a fourth degree homogeneous polynomial in 2, 5, which is independent 
of Zj. For j = 1,2, equating the coefficients of |zi| 2 |z||, we get a\ = a 2 . Similarly 
we can show that all a/s are same; and all d'jS are same. Again for j = i and 
j = rii+k (i — 1, 2, • • • , ni; /c = 1, 2, •• • , n 2 ), equating the coefficients of |2j| 2 |2 ni+ fc| 2 , 
we get bi = c ni+ k- Hence we can write 

p a (z) = ai7i(^) 2 + 6171(2)72(2) + d^izf +rj(z),Vj = 1,2,-" ,n, 

where rj(z) is a fourth degree homogeneous polynomial in z, 2, which is independent 
of Zj. Therefore 

p a (z) = ai7i(^) 2 + 6171(2)72(2) + di7 2 (2) 2 + r(z), 

where r(z)(= r\{z) = r 2 [z) = ■ ■ ■ = r n (z)) is a fourth degree homogeneous polyno- 
mial in 2 only. But since p a has the form p a = Sfl^'fW, it follows that r(z) = 0. 
Hence 

p a (z) = ai7i(2) 2 + 6171(2)72(2) + di7 2 (2) 2 . 

So we have proved that if V a C l J } 2 (C n ), then p a can be written as a polynomial 
in 71 and 72. Hence, it follows that any i^-invariant, 4th degree, homogeneous 
polynomial can be written as a polynomial in 71 and 72. Now, let any i^-invariant 
homogeneous polynomial of degree 2N can be written as a polynomial in 71 and 72. 
We have to show that any ^-invariant homogeneous polynomial of degree 2(N + 1) 
can be written as a polynomial in 71 and 72. But for this, it is enough to show 
the following : If V a C ?V + i(C n ), then p a can be written as a polynomial in 71 
and 72. So fix a a e A, such that V a C ? N+l {C n ). Then is a (2iV + l)th 
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degree homogeneous polynomial which belongs to IV\. Therefore by the induction 
hypothesis, jj^{z) has the following form 



dzi 



ni r N 



3=1 

Similarly, d ® Pa +1 has the following form 



1=0 



rj n 2 r N 



d ^ +1 j=l l z=o 

Now using similar arguments as before, it is possible to show that p a is generated 
by 71 and 72 . Hence the proof. □ 

Proposition 10.2. Suppose dimV 5 M = 1 for all 5 G Km- Then there exist J G 
C/(n) ; and positive integers ni,ri2, • • • n m with rt\ + n 2 + •••n m = n, such that 
T(Cg) x = ?(Cl) Ko , where K = j[U(m) x U(n 2 ) • • • x U{n m )]j-\ 

Proof. Let ?i{C n ) = V t be the decomposition of Ti(C n ) into if-irreducible sub- 
spaces. V/'s are pairwise orthogonal in 'Kk. Let dimVJ = ni so that ni + n 2 H n m = 

n. Let Ui (z) = Zi. Choose an orthonormal (in "K^) basis {vi(z) = E" =1 CjjWj : i = 
1,2, ••• ,n} for Ti(C") such that {ui,u 2 ,-- - ,«m}i {v+b v m+2, • • • ,*V+n 2 }, ••• 
form a basis for Vi,V 2 ,--- respectively. Since m 2 (z), • • • is an or- 

thonormal set in Dt"5, we get E" =1 |q,-| 2 = 1; and E" =1 QjC^ = if 2 7^ Hence 
the matrix J := (Qj) nxn is unitary. Therefore J" 1 = J* = (cji) nxn , which implies 
that (J • Mi) (2) = Ui(J~ l • z) = Vi(z) or J ■ Ui = v^. Consequently the decompo- 
sition of CPi(C n ) into J~ l K J- irreducible subspaces is given by 3 i(C ri ) = ©^VJ', 
where V[ = span{«i, u 2 , • • • , u ni }, V{ = span{u„ 1+ i, w„ 1+2 , • • • , S+„J • • • . Next, 
M = K ZQ for some if-regular point z . Then clearly J -1 ■ z is a J _1 i^ J-regular 
point, and J^MJ = [J~ l K J]j^. Zo . Let X' = J-^J and M' = J~ X MJ. For 
each 5 G define the irreducible unitary representation 5' of K' on Vj/ = V 5 by 
5'(J~ 1 kJ) = S(k) for all k & K. Then it is easy to see that the map 5 — > 5' is a 
bijection from onto K'm>, and dimV^' = 1 for all 5' G X'm'- Therefore by 
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the previous lemma IP(CJ)*' = V{C$) K o, where K' Q = U{n x ) x C/(n 2 ) • • • X U(n m ). 
Hence the proof. □ 

If dimV 5 M = 1 for all 5 G K M , the above proposition says that with respect to a 
suitable coordinate system on C n , the i^-invariant polynomials are same as that of 
U (ni) x U (n 2 ) x • • • x U(n m ), ni+n 2 + - ■ -+n m = n. Since CP(C^) X determines L K (h n ) 
(see [2], section-3), and hence £^(C n ), to find joint eigenf unctions of all D G £^(C n ) 
for this special case, it is enough to consider the groups U (rii) x [/ (n 2 ) x ■ • • x U (n m ), 
rii+n2+- ■ ■+n m = n. For simplicity of notation, here we only deal with the particular 
case : m — 2. 

So, from now on K always stands for U(n>i) x C/(n 2 ), and M the stabilizer of 
the i^-regular point e = (1, 0, • • • , 1, 0, ■ ■ ■ ,0) G C n , where the second 1 is at the 
(ni + l)th position. Via the map kM — > k ■ e, we have the identification 

ni n 

K/M = K -e={zeC n :Y^\ Zj \ 2 = 1, ^ |^| 2 = 1}- 

i=l j=ni+l 

If we identify C n with C ni xC 2 by the map z — > ((zi, 2:2, • • • , z ni ), (.Zm+i, #711+2, • • • , 
then X/M = S 2 " 1 " 1 x S 2 ™ 2 " 1 , where S 2 ™ 1 " 1 is the unit sphere in C ni and S 2 ™ 2 " 1 is 
the unit sphere in C" 2 . Now we explicitly describe the spaces H$ and 8>s{K/M) = 
£ 5 (S 2ni - 1 x S 2n ^ 1 ). Since /+, the set of polynomials in I = 7(Cl) K without 
constant term, is generated by S"i 1 |2; :; | 2 , E" =ni+1 |z J | 2 , the set of if-harmonic poly- 
nomials is given by 

H = {Pe ?(C£) : A X P = 0, A 2 P = 0}, 

where 

ni q 2 n Q2 

1 E ^ ' 2 E dzjdzj 
j=i J J j=m+i J J 

For z G C n , let = (zx, z 2 , • • • z ni ) G C n ', z 2 = {z ni+1 , z ni+2 , ■■■ , z n ). Let % = 1 or 
2. For each pair of positive integer (p, g), we define 3^ to be the subspace of T(C^) 
consisting of all polynomials of the form 

= E E w^)* 

l«i[=P I ft I =9 
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Here ctj and Pi are multi-indices of non negative integers of length n,. We let 

H l = {Pe 9(C£) : A 2 P = 0}; W pq = {P G T pq : A,P = 0}. 

We have the identification y(CJ|) = ^(Cr 1 ) ® ^(Cr 2 ), H = H 1 ® H 2 , and conse- 
quently if has the algebraic direct sum decomposition : 

Here Z + denotes the set of non negative integers. Also note that each P G ^Pp iqi ® 
CPp 2(?2 satisfy the homogeneity condition 

P(Aiz\A 2 z 2 ) = XfXfXfXfPiz) 

for all Ai, A2 G C. Let £p ? stand for the restrictions of members of H pq to S 12 ™ 1-1 . The 
relation between P G if* and its restriction Y pq is given by P p (z 1 ) = \z l \ p+q Y pq (u l ), 
if z % = r l u l , r % > 0, uj l G S* 2 ™* -1 . The natural action of U(nj) defines a unitary 
representation, 5* on each of these spaces £, l pq , considered as a Hilbert subspace 
of L 2 ^ 2 ™*- 1 ). Clearly the restriction of R x pxqx ® H 2 2Q2 to S 2 ™ 1 " 1 x S 2n2 ~ x is given 
by <g> £ 2 292 - If we consider this as a Hilbert subspace of L 2 (S' 2ni_1 x S 2n2 ~ v ), 
then the natural action of K on each of these spaces & Piqi <S> £p 2?2 defines a unitary 
representation which is same as 5 piqi <S> <5 2 2(J2 - Now for each fixed i G {1,2}, we 
have the following well known facts about the class one representations of U(rii) 
(see [17], page: 64-69) : The representations S pq of U(rii) on E pq are irreducible. S l pq 
and S p , , are unitarily equivalent if and only if (p,q) = (p',q')- Let Mj C U{rii) be 
the stabilizer of (1,0, ■■ ■ ,0) G C™% so that M = M l x M 2 . Any 8 G U(rkj M . is 
equivalent to some 5* . L 2 (5' 2ni ~ 1 ) has the orthogonal Hilbert space decomposition : 
L 2 (S 2ni ~ l ) = ©p ?gZ + £p 9 - From these facts we can prove the following proposition. 

Proposition 10.3. (a) The representations 5 piqi <8> 5 2 2q2 of K on & Piqi <8> £p 292 are 
irreducible. 5 piqi (g) <5 2 2(?2 and 5*, , <g> 5 2 /? / are unitarily equivalent if and only if 
(pi, qi,P2, 92) = (pi, q'iiP'2^ Q'i)- Moreover any 5 G Km zs equivalent to some 5* g) 
o" 2 . 

P2<?2 
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(b) We have the orthogonal Hilbert space decomposition of L 2 (S 2ni ~ 1 x S 2ri2 ^ 1 ) : 



2 

P2Q2' 

pi,qi,P2,q2& 



By the above proposition, the decomposition of CP(C n ) into i^-irreducible sub- 
spaces is given by 

T(C ) = Knim 2 > 

where 

Kn im2 = span{(2; 1 ) Ql (2: 2 ) Q2 : |«i| = m x , \a 2 \ = m 2 }. 
Denote the corresponding bounded K- spherical functions by 0™ im2 (z, t) = e lXt 4>m 1 m 2 ( z ) 
Then 4 , m 1 m 2 ( z ) * s a joint eigenfunction of all D G £^(C n ) with eigenvalue, say /i^ im2 . 
Note that here £^(C n ) is generated by 

m n 2 

j=i j=m+i 
Let L£ be the /cth degree Laguerre polynomial of type a. For any v G N, and any 
(eC, define 

<A(C) = ^(2|A||C| 2 )eH A l^ 2 . 

Proposition 10.4. /i„ im2 (<£iO = ~ 2|A|(2mj+nj), z = 1,2. f* im2 /ias the following 
formulae in terms of Laguerre polynomials : 

2 

< m2 w = vr-"(2|Airn^:A^)- 

1=1 

Proof. As usual we drop the superscript A. Take ^[ rei ^ 2 +1 G V mim2 . By Remark 



which, by Proposition |5.3[ reduces to 

-f^WjWj + w 3 W 3 ) [z^zZU = ^ mJ (£i)ffCi]' 

3=1 J 

Using the definition of Wj and Wj, an easy calculation shows that /i mim2 (£i) = 
— 2|A|(2mi +ni). Similarly // mim2 (^2) = — 2|A|(2m 2 + n 2 ). Since i p r ^ L ~l{z % ) is an 
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eigenfunction of £j with eigenvalue — 2|A|(2mj + ni), Tl? =1 <f> r £~ x {z l ) is a joint eigen- 
function of L K (C n ) with eigenvalue /i mim2 . Hence 4> mim , 2 ( z ) — c ^i=iVm~\ ( z% )i ^ or 
some constant c. To calculate the constant c, first note that by Proposition |6.4 
ipm im2 {z) = ^ mi m 2 x ^ mi m 2 (z). In particular, putting z = 0, we get 

^ i r 1 (o)^ 2 - 1 (o) = c2 fl / [^(aiAii^r)] v^ii* 4 !'^. 

i=l ^ 

Using the well- known facts 

nk + a+1) _ A rrra^M2„-r„a^ + « + 1) 



T(k + 1) ' 

we can deduce that c = 7r _n (2|A|) n . Hence the proof. □ 

From now on we always assume that A > and state our results only 
for A > 0. The corresponding results for A < can be obtained by inter- 
changing the role of pi and q^. 



Proposition 10.5. Let P e H^ iqi ® H^. Then 

2 

X mi im2 (z) = rc- n (2\X\rP(z) n(-l) 9< (2|A|) Pi+9 VS5 i_1 ^) 

i=i 

if Pi < rrii for all i — 1, 2; otherwise {P)ipmimai z ) = 0- 

Proof. Since ® 5| has a unique (upto a constant multiple) M-fixed vector, 



by Corollary 4.4 it is enough to prove the proposition for P{z) = zf 1 z^ 1 z^ 1+1 z^ , 2 , 
which clearly belongs to H l piqi ® H^. Since 9{P) = Rl 1 R q n 2 l+2 (~R 1 )^(R ni+1 ^\ it 
follows that 

6(P)^ mim2 = [Bizfzl^iz 1 )] [e(zZ + l 4 2 2+ 2)^rn 2 (z 2 )}, 

where 

i> mi {z i )=^{2\\\Y*^( zi )' * = 1 > 2 - 



Hence the proof follows by (7.6). 



□ 
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Corollary 10.6. (a) Let Pg E £ A (C") be a joint eigenfunction of all D E Lj < (C n ) 
with eigenvalue where g is K -invariant and P E H piqi <8> Pp 2(?2 - Then there 



is a constant c PiqiP2q2 such that 



P(z)g(z) = c Pl9lP292 P(,)n(-l) 9l (2|A|r + V^? _1 (^)' 

i=i 

when Pi < rrii for all i = 1,2; otherwise Pg = 0. 
(b) LetPEHl iqi ®H 2 mq2 . Then 

2 



<n\^),w\p)>^ im2 =p( 2 )n(-ir(2|A|r + ^^A l " 1 (^ 

1=1 

when Pi < rrii for all i = 1,2; otherwise (n A (z), W A (P)^ m ^ = 0. 

Proof. Since 5* ® <5 2 2(?2 has unique (upto a constant multiple) M-fixed vector, (a) 



follows from Theorem 7.14 and Proposition 10. 5| (b) follows from Proposition 7.15 



and Proposition 10.5 □ 



Lemma 10.7. Let {Y p \ qiP2q2 '■ j = 1, 2, • • • d(pi, qi,p 2 , 92)} be an orthonormal basis 
for £J 1?1 g> £ 2 2(?2 so tfitrf {^ gipaga : j; = l,2 } - ■ ■ d(p ll q 1 ,p 2l q 2 );p 1 ,q 1 ,p 2 ,q 2 E Z+} 
forms an orthonormal basis for L 2 (S 2ni ~ 1 x S 12 ™ 2-1 ). Lei Y^ iqiPM2 be the restriction 



pj (~\ — pi (J- 7 2\ — r Pi+<n r P2+q2 Y j 1 1 2n 
where z l = rjO/, uj 1 E S* 2 ™ 4 " 1 . Define 

P j (z) 

P1Q1P2Q2 K - > 



T/ien 

{ P Pi<?iP2<? 2 ( 2; ) : j = 1 , 2 ,--- ,d(pi,qi,P2,q2);Pi < mi,qi EZ + ;i = 1,2} 
forms an orthonormal basis for x (V mim2 ). 
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Proof. Taking p = q = PL qiP2 „ 2 in Lemma 7.6 (b), we get 



\npL P2 J\Lm 2 = v^mM)- n \\o(p)^ mim2 \\ 2 , 



Therefore by Proposition 10.5, ^(P piqiP2 q 2 ) — 0, unless pi < mi, P2 < rn 2 ; and 
if pi < mi, P2 < m 2 , writing the right hand side of the above equation in polar 
coordinates and using the formulae 

T(k + a + 1) 



/■oo 

/ [L£(r)]VV*dr 
Jo 



r(k + i) 



we can deduce that | \^(P} iqiP2q2 )\\ mim2 = 1- But then, since each <^ 1?1 ® 8 2 p2q2 has a 
unique (upto a constant multiple) M-fixed vector, the proof follows from Proposition 

WM □ 

Lemma 10.8. Let P piqiP2l}2 and P piqiP2q2 are as in the previous lemma. If f is a joint 
eigenfunction of all D G £^(C n ) with eigenvalue /^ Mm2 satisfying xs * f G £ A (C n ) 
for each 5 G Km, then there exist constants a> PiqiP2q2 such that 

/(*) = E E <™ 2 < nA W' wA (^™ 2 )>l im25 (io-6) 

pi,gi,P2,<?2eZ+ j=l 
Pi<mi,p2<m 2 

where the series converges uniformly over compact subsets ofC n . a piqiP2q2 ! s satisfy 
the following : 

d(piqiP2q2) 2 , Ql 

E E i^J 2 n r(n , + ;, +g ,) <°°.^a 2£ N. (10.7) 

pi<mi,p2<Tt2 



Proof. By Proposition 10.3 (b), we have the expansion, for fixed ri,r 2 > 0, 



d(pi,<?l,P2,?2) 

/(*) = /(W) = E E /p 1 < ?lP2 < ?2 ( r i' r 2)>p' l9lP292 (^ 1 ,u; 2 ),(10.8) 

Pl.9i,P2,<?2eZ+ 3=1 
pi<mi,p 2 <m 2 

where the right hand side converges in L 2 (S 2ni ~ 1 x S* 2 ™ 2-1 ). Here 



/pi<7iP2<72( r i> r 2) = / / /(r 1 w 1 ,r 2 u; 2 )Fp ? 1 g 1 p 2 g 2 (u; 1 ,u; 2 )rfw 1 c/a; 2 . 

f £2711-1 J S 2n 2 -\ 
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By a representation theoretic argument it can be shown that (see the proof of Propo- 
sition 4.5 in HU) if 5 = 5 1 ® 5 2 z = (r 1 uj 1 ,r 2 uj 2 ), 



Jk 

Hence we can conclude that each fi iqiP2q2 (ri,r 2 )Y^ igip2g2 (u 1 ,u 2 ) G £ A (C n ) is a joint 



eigenfunction of all D G £^(C n ) with eigenvalue /^j lTO2 . But then by Corollary 
(a), it follows that (for z = (z 1 , z 2 ) = (riu 1 , r 2 cu 2 )) 

2 



10.6 



/■!</lP2g2- P Pl?lP292( 2; ) n( _1 )*( 2 l^l) A+ *^m,^,v\' ^ 



1=1 



for some constant a piqip2q2 . 



Hence (10.6) follows from Corollary 10.6 (b). Since 



P1IJ1P2 92 



Yp iqiP2 q 2 and -P^ 10lD909 are related by (|10.5|), from the above equation we get 



Pi<?iP2<?2 V 2 / Pl<3iP2<32 Pl<3lP2<?2 11 '» ^mi—pi 

i=l 



(2|A|r?)e-W?. 



where 



6 J 

pigiP2<?2 



n(-l)n2|A|r + ^/r(n l )(2|A|)- 



■(P»+?i) 



1=1 



r(mj - pj + 1) 
r(m; + nj + qi) ' 



Now fix ri,r 2 > 0. Since 



S l/pi 9 lP2 9 2( r l' r 2)| 2 = H/^ 1 ,^ 2 )!!^^-^^-!) < OO 



Pii9i ,P2,g 2 6Z+ 

pi<mi,p2<m 2 



E 



Pi>9i>P2,92SZ+ 
Pl<mi,p 2 <"i2 



7 J 

Piqip 2 (j2 1 



n 



(2|A|r; 



I r(rii + Pi + qi) J £1 r(m< + + g 



Therefore to prove (10.7), it is enough to show that for large q±,q 2 , 

2 



n 



r(m + Pi + q { 



r(mi + + g») 
for all Pi < rrii. Now if a + 1 > 2fct, then 

1 T(A; + a + l) 



1^(01 > 



2T{k + l)T[a+ 1)' 



(10.9) 
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So when n, + ft > 2m i (2\\\rJ), then rii + pi + ft > 2( y m i — p^) (2| A|r?) for all Pi < rrii 
and hence 

ni+Pi+9i _i, . . 2 , > 1 T(mj + qi + rij) > 1 r(m i + g, + n i ) 

mi_Pl U K) ~ 2 r(m, - ft + l)r(7ii + Pi + ft) " 2 r(mi + l)r(ni + ^ + ft) ' 

Therefore for all ft > 2mj(2|A|rf ) — n« and Pi < rrii, we have 

KS^-^SlAir, 2 )) 2 > 1 rK + 9t + nt) 



4r(m i + l) 2 r(n ! +p ! + g ! ) : 



which implies (10.9). Hence the proof is complete. □ 



Following [16], for each positive integer k, we define 23 ^ to be the subspace of 
operators S G O x {V mim2 ) for which 

2^ I^WA(Hi igi ®H| 2?2 )^|| mim2 H p <OC, 

Pi,?l,P2,926Z+ i=l 
Pi<rrti,p 2 <m2 

where 3V(fl2 m ®fl* w ) is the projection on W x (H^ qi g> #p 292 ), that is 

d (Pl><Jl >P2,92) 

T WA(//l igi ^| 292 )^ = ^ <^ WA ( P pi giP 2 g2 )> mim2 WA ( P p igiP 2 g2 )- 

3=1 

Then 23^ becomes a Hilbert space if we define the inner product as 



2 



A -tt T(rii +Pi + qi 



(Si,s 2 ) %k - ( y w^^ lw ®//i 2q2 )^i,ywM^ 191 ®^ 2g2 )^2> mim2 n ,,„, 

Pli<?l,P2,<?2GZ+ i = i 

Pl<mi,p2<m,2 

Note that for each k G N, 23 fc C 23 fc+1 and the inclusion 23 fc ! — >■ 23 fc+1 is continuous. 
We define 23 = Uk^'Bk and equip it with the inductive limit topology. 

Lemma 10.9. For each fixed z G C n , U x (z) G 23. 

Proof. Fix ^ G C n . 

d(pi,<Jl,p2,<?2) 

||yW(Hi 19l ^ 292) n(2;)||^ im2 = ^ \( U ( Z )' W ( P LiP 2 j)m im / 

3=1 

d (Pl:<7l>P2,<?2) 2 

e n(- i )*( 2 i A i) w ^<"5 t "?" i (* < ) 



3=1 



8=1 
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Since \ Y L^M^ 2 )\ < c i UliiPi + ft)"* -1 and 

r(m, + rij + q-i) 



\ti£*$-\j)\<C2 



r(m,i -Pi + l)r(nj + Pi + ' 



we get 



IFw ( ^ igi ^ 2) n(z)|| mim2 < c 3 [[( Pl + qi ) — — — — 

r(77ii - j?i + 1) (r(?ii + Pi + gi) j 



PHI" P2?2' 

1=1 



^ - ^mi + ni + gi) mi - ft (2|A|r 2 ) ft+ ^ 

T(mi - Pi + l)r(nj + Pi + gi) 



i=i 



* 4nf^f.fora.. 9i6 Z + ,p,< 



rrii. 



Now choose such that 2|A|r 2 < |. Then 



2 qZrii+rrii £?i 



which implies 

iinwn 2 3«=<4 e n^<»- 

pi,?i,P2,92ez+ i=i 

Pl<mi,p2<"i2 

Therefore n(z) G Hence the proof. □ 
Lemma 10.10. Let "B* be the dual ofB. If v G S* toen 

_ d(pi,qi,P2,q-2) 2 , ? . 

Mii=- E E l»(w > (^«K,))l'n r(n<+ ; +t , ) <°°. <"»•"»> 

Pl,9l,P2,92eZ+ J=l * =1 
pi<mi ,p2<m2 

for all k G N. Conversely if the constants ap igiP2 g 2 's satisfy 

d(pi,qi,P2,q2) 2 , ? . 

e e K,«j 2 n fRT ^)<- (io.il) 

pi,gi,P2,q2£Z+ J— 1 i— 1 

pi<mi,p2<m.2 



for all k G N, £/ien i/iere is a unique u£B* suc/i t/iat v (W A (P^ 19ip292 )) = a p 
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Proof. Since the topology on 23 is the inductive limit topology, v G 23* if and only if 
v G 23*, for all k. Fix a k. Then as Sj, is a Hilbert space, there exists Sk G 23^ such 
that v(S) = (S, S k )^ for all S G S fc . Taking S = W(P^ ip2(?2 ), we get 

2 

r(n i +p i + g i ) 



(w(^ 191P29 j) = <w(p^ lP292 ), s k )* h = <w(^ l9lP292 ), s fc > mim2 n 

8=1 



Since St. G 23 1 



\ /a N \ \2 tt 1 {Hi + pi + qi) 

L K 5 *' W (^™)>mxm,l 11- P ^ <0 °- 

pi,gi,P2i32ez+ i=i »=i 

pi<mi,p2<Ti2 



Hence (10.10) follows. Conversely, let the constants a£ 's satisfy (10.11). Then 
we can define an operator Sk G 23 fc by 



(^{Pp iqi p 2 q 2 )i Sk) mrm2 a i iqiP2 q2 H 



J- r(rii +ft + ft) 

For each fceN, define t; fc G 23*, by u fc (5 r ) = (S, Sfc)^ for all S G 23 fc . Note that 

d(pi,gi,P2,92) 

Pl<mi,p2<m 2 

Therefore for any 5 G 23, if we define v(S) to be equal to the right hand side 
of the above equation then v \B k = v k £ 23*.. Hence v G 23*. Also note that 
t;(W(P^ i9iP2g2 )) = a Pl g lP2 g 2 - Uniqueness of u follows from the fact that 



( 2 k qi ■ 1 

{ \ II r ( n . + p . + g .) W ( P Pi g i P 2 g2 ) : J = 1,2,--- ,d{p 1 ,q 1 ,p 2 ,q 2 );p i < m h qi G ^+ J 

forms an orthonormal basis for 23^. Hence the proof is complete. □ 

Theorem 10.11. Let / 6e a joint eigenfunction of all D G £^(C n ) ura'£/i eigenvalue 
/ i m 1 m 2 swc/i X5 * / e £ A (C") for all 5 G K M . Then f(z) = v(U x (z)) for a 
unique v G 23* Conversely, if f(z) = v(ll x (z)) for some v G 23* ; then f is a joint 
eigenfunction of all D G £^(C n ) with eigenvalue /i^^ and xs* f G £ A (C n ) /or a// 
5 G K M . 
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Proof. Let v E ¥>* and f(z) = v(ll(z)). We claim that 

/(*)= E E ^( w ( p Pi 

Pi,<?i:P2,<?26Z+ J=l 
Pi<mi,p 2 <"i2 

where the right hand side converges absolutely and uniformly over every compact 
subset of C™. To prove the claim fix rj > 0. Then the proof of Lemma [10.9 shows 
that there exist fcGN (depending on rj) such that IT(z) G 23^ and ||n(z)||s fe < c for 
all z eC n with |z*| < r». Since U(z) G B fc , it follows that 

d (Pl,9l >P2,92) 

E E W*),™^ <?1P2<?2 giP292/ 

Pi>3i,P2,32eZ+ j=l 
pi<mi,p 2 <m 2 

converges to n(^) in the Hilbert space 'Bk- Since v G !B£, we get 

d(pi,9i ,P2,92) 

= E E H w ft ?1M J)( n (^ w « 9W )) mim2 -( 10 - 12 ) 

pi,<?i,P2,92ez+ j— l 

Pl<mi,p 2 <r7i2 

Multiply u(w mim8 (i? IW)J J) by n*^** (rfa+ft+ft))" 1 , (n(*), w(^ l?lP292 )> miw2 

by n^ =1 fc~' ?i r(n i + Pi + qi) and then use the Cauchy-Schwarz inequality to get 

d{pi,qi ,P2,ga) 
E E 91P292 

Pl,?l,P2,?26Z+ J = l 
Pi<mi,p 2 <m 2 



< IMIfclinU) 



< cllfl 



for all zeC" such that \z % \ < r^. Since r$ > was arbitrary, the claim follows. In 
particular / is a smooth function. Since any D G £#-(C n ) is a polynomial coefficient 
differential operator we have 



d(pi,gi,P2,(j2) 

q\P2Q2 

p\,qi,P2,q2& + i= l 
P\<mx,p2<rri2 

in the distribution sense. But 



n(.),w(p^ i?iP2?2 )) mim2 



91P2 92 q\P2q2' I mii 
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Therefore we can conclude that Df = fi mim2 (D) f . Hence / is a joint eigenfunction 



v 

of all D G L K (C n ) with eigenvalue /i mim2 . Now, if 5= §z 



pin 



5 



P2 92 ' 



equation (10.12) 



implies that, xs * f — if p\ > m\ or p 2 > m 2 ; and when p^ < rrii for % — 1,2, 
1 



Xs * f 



d(pi,qi,P2,q2) 



3=1 



))(n(z),w(^ 



But, by Proposition 



7.15 



[U(z), W(i^ l9lP2g2 )> mim2 = d(Pi iqiP2q2 )i> m ,m 2 which clearly 



equals to e~' A " z ' 2 times a polynomial. Hence it follows that xs * f £ £ A (C n ). 

Conversely let / be a joint eigenfunction of all D G £^ (C n ) with eigenvalue ii mxm2 
such that xs * f £ £ A (C") for each 5 G i^M- By Lemma 



10.8 



there exist constants 



Pl9lP292 



such that 



d(pi,qi,p2,q2) 

E E ■ 



pigiP292 



(n(4W(i? 15M )) mi) 



Pl>9l,P2,92SZ+ 
Pl<mi,p2<m 2 



and d'p iqi p 2 q 2 ^ satisfy the following : 



d{p\q\P2q2) 



E E 



piqip 2 q 2 1 



n 



< oo, VA; G N. 



| T(ni +pj + gj) 

Then by the previous lemma there exists v G 23* such that ^('W(P^ 1 )) 



Pi,?i,P2,g2eZ+ j— l 

pi<mi,p2<m2 



a pigiP2<?2' and consequently by (10.12), f(z) = v(lL(z)). 



Now we prove the uniqueness of v which will complete the proof of the theorem. So 
let v £ ¥>* and v(U(z)) = for all z G C n . We must prove that v = 0. It is enough to 
show that ^(W(P^ igiP292 )) = for all j = 1,2, ••• ,d(p 1 ,qi,p 2 ,q 2 );p i < m,qi G Z + . 



But this follows, since (10.12) and Corollary 10.6 (b) imply that for each fixed 
ri,r 2 > 0, 



(n(r r , r 2 -)) , Yp iqiP2q2 ) 



2 



IP V 
p\q\P2q2 



8=1 



for some non zero constants V lP2q2 - 



□ 
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We have already mentioned that the above characterization is analogues to the 
view point of Thangavelu [IB] (see Theorem 4.1 there). Now we make this analogy 



clear by showing that the above theorem can be reformulated (Theorem 10.12 
below), which is similar to Theorem 4.1 in [16]. Consider 

^.m,^ 1 " 1 ^" 1 ) :=span{r4 lP292 : j = 1,2,- ■■ ,d(p 1 ,q 1 ,p 2 ,q 2 );p i < mi ,q t G Z+} 
as Hilbert subspace of L 2 (S 2ni ~ 1 x S 2112 ^ 1 ). Then the map 

3 : 0\V mim2 ) -> L 2 mum2 (S^- 1 x S 2 '^- 1 ) 

defined by 

is an Hilbert space isomorphism. Note that J(!Bfc) is the subspace of all functions 
in L^^S 2 ^- 1 x S 2 ^- 1 ) such that 



2 



1 1^132^^292 1 1 n 



2TT r(fii +Pi + qi) 

— < oo, 



pi!9iiP2,<22eZ+ i=l 

Pl<mi,p 2 <"l2 

where, for uj e S 2ni ^ x S 271 ^ 1 , 

0<5 Pl92 ®<5 P292 (w) : = d(pi,gi,p2,g2)[x«„ 191 ®«„ 92 

= d(p 1 ,q 1 ,p 2 ,q 2 ) X& vin ®& P2q2 (k)<p(k- 1 ■ u)dk 
Jk 

d(pi ,qi ,P2 m) 

= (6 Y j )Y j (u) 

3=1 

Each J(!Bfe) becomes a Hilbert space with the inner product 

(01,02>3(S fc ) = <^Vl,^V2) Sfc - 

Explicitly 

r(ni+Pi + % 



(01, 02)a(S fc ) - 2J ((^l)<5j, 19 2®<W> (^2)5p 182 ®(Sp 2S2 ) 



pi.gi.P2,i?2ez + 1=1 

pi<mi,p 2 <m 2 
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Consider J(S) = U/ cg N?(S fe ) and equip this space with the inductive limit topology. 
Let 

d(pi,qi ,P2,Q2) 

^ im2 M = E E (^w.^c^*))^^^^). ( 10 - 13 ) 

pi.gi.P2,g2 6Z+ i=i 

pi<mi,p2<m2 

w G S 2 ™ 1 " 1 x S^ 2 " 1 . It is easy to see that 3(Tl x (z)) = ?i lTn2 (z, ■). Then one can 



show that Theorem 10.11 is equivalent to the following theorem : 



Theorem 10.12. Let f be a joint eigenfunction of all D G £^(C n ) with eigenvalue 
/ J, m 1 m 2 SUC ^ that xs * f G £ A (C n ) for all 5 G K M . Then 

/(*) = / ? x mim2 (z,u)du(u), 

/or a unique v G 23* Conversely, if 



/(*)= / O^^a;)^), 

/or some z/ G i/ien / zs a joint eigenfunction of all D G £^(C n ) wtt eigenvalue 
A*mim 2 and Xs* f G £ A (C n ) /or a// 5 G K M . 

The above theorem gives an integral representation of joint eigenfunctions, where 
the kernel O 3 ^ m (z , u>) is given by the series in (10.13). Now we shall give another 



integral representation, where the kernel can be given explicitly. Fix a%,a2 > so 
that 

L^+*- 1 (2|A|a l 2 )^0 
for all pi < mi, q G Z + ; i — 1,2. Define 

QA / \ — 2?A Im I z-iaiui 1 ,a2U) 2 ) ) /A / / 1 2\\ 

2 

7r- n (2|A|) n JJe 2 ^ ^^V^a 1 ^ - OiW*), 

i=l 



where z = (z 1 , z 2 ) G C ni x C™ 2 and w = (u\u 2 ) G S 2 " 1 ^ 1 x S 2 ™ 2 " 1 . For each positive 
integer k, define Ak to be the subspace of functions in L 2 m2 {S 2ni ~ 1 x S 2n2 ~ l ) for 



68 

which 
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E 



n 



I I ~ U P\12^ JU P212 
p 1 <m 1 ,p2<m2 



kli 



< oo. 



Each Ak becomes a Hilbert space with the following inner product 



h,<h)A h = Yl 

Pl<mi,p2<W2 



"P112 &U P212 ' V7 ^' U P1<J2 WU P292 



>n 

i=i 



r(w, +pj + gj 



We take *A = Uken^-k and equip it with the inductive limit topology. Let A* be 
the dual of A with respect to this topology. Then we have the following integral 
representation of joint eigenfunctions of all D £ £^(C n ). 



Theorem 10.13. Let f be a joint eigenfunction of all D £ £^(C n ) with eigenvalue 
/•4 im2 snc/i i/iat Xs * f e £ A (C n ) /or a// 5 £ K M . T/jen 



/(*) 

/ S 2n 1 -l x< 52n 2 -l 

/or a unique v £ A* Conversely, if 



2i im2 (2,w)^M, 



9i im2 (2,w)^M, 



I g2n 1 -l xS 2n 2 -l 

for some v £ A*, then f is a joint eigenfunction of all D £ £^-(C n ) with eigenvalue 
< W2 X 5 * / e £ A (C") /or all 5 £ K M . 



Proof. The theorem can be proved using arguments similar to the proof of Theorem 



10.11 once we have the following claim 



S 2n i- 1 x5 2n 2- 1 



- j piqiV2q2 



where c. 



Pl<?lP2<?2 



if either pi > m\ or p 2 > m 2 , and for pi < rrii, it is given by 



c 



V\<1\V2<12 
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■»(2|A|)»n(2|A|) 



(Pi+Qi) 



1=1 
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To prove the claim, first note that we can write 



(i!) 



/ ^mim2 
./.S' ! "i : \.S'".! 1 " " " 

2 11-/ 



\jfi U U r(m, + n, + 9i ) 



where dfj, ai ,a 2 is the surface measure on aiS 2ni 1 x a 2 S 2n2 x . But then the claim 
follows, if we can prove the following lemma. □ 



Lemma 10.14. Let ai,a 2 > and d/j ai ,a 2 be the surface measure on aiS 1 x 
a 2 S 2n2 -\ Let P E H l piqi ® H 2 2q2 . Then 



PdfJ, ai ,a 2 x ' l Pm 1 m 2 — ^; 



Pl<?lP2<32 



7T 



l (2|A|)-P(z)n(-l) 9i (2|A|r + ^<" 



+Pi+qi-i i J\ 
- Pi ,x \ z ) 



1=1 



y pi<3iP2<?2 



f[(-l)" r( pf ~^\ 1] a^L^-\2\X\^)e-^ 
r(mi + rij + qi) 



t=i 



i/Pi < /or a// z = 1, 2; otherwise PdfJ, aim x A ^ im2 = 0. 



Proo/. Let 5= <^ 1(?1 ®5p 292 - Take P^ iqiP2q2 , j = 1,2, ••• , d^, q u p 2 , q 2 ), as Lemma 

2, ■ ■ • , qi,p 2 , Q2)} forms a basis for Pv. Also 
1 if Pi < Wj, i = 1,2. We can choose suitable bases 



10.7 



so that {P 3 VxqiV2<l2 : J 



we have 1 1 W(P^ 



qipun/ 1 1 m\mi 



b for Vv and e for Fg = Hom K (Vs, Hg) so that with respect to these bases P s : 
s 



d ( 5 )xi can be given as follows : P- x = P^ iqiP2Q2 - Since ^^ im2 = 9(P s )4> mi 



by Proposition 



10.5 



P191P2 92 - 
.. v 

/a 

■ m\m 2 



m 2 5 



we can say that, ^m im2 = *J, |t)1 , if p% < rrii for all i = 1,2; 
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V 

otherwise $J, im;i = 0. Now let Pi < rrii for i — 1, 2. Then 

„v v r v v 

^mim2 ^mim2 / [^mimjl^/] [^raimjt^)]^ 

</C n 

rf(pi,gi,P2,92) 
= I I^^Pi9iP2g2)^ m i ? 



1112 I I 2 



= 7T "(2|A|) n rf(Pi^i,P2,g 2 ), by Lemma [7^1 (b), 

and 

Li im2 (z) = Zi im2 (z) = vr-"(2|A|)"n(-l)^(2|A|r + ^C^- 1 (2|A 



z l ?) 



i=l 



Also we have 



V V 



Tv(z) = [P^)]1P^)] 

o 



E 13 



|2 



P1<J1P2<?2 v^J 



d(Pl,?l >P2,<?2) 



Pl<3lP2<?2 v 



rf(pi,gi,p 2 ,g2) A/ 2 | An -( K+gi ) r(^)r(m i - Pi + 1) 2 (p i+gi ) 



2 



Therefore from Theorem 7.10 we can show that, for pi < rrii,i = 1, 2, 

P ^ai,a 2 X f mi ra2 = ^Pi<?iP2<?2 ^mim 2 > 

where b PiqiP2q2 is given by 

/, - TT l^' 1 "^^^ + 1 ) „2(p I +g i ) f n I +p i +q i -l/ | X | 2\ -|A|a? 



Hence the proof follows. □ 
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